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Abstract

This paper proposes a foundation for heterogeneous beliefs in games, in which

disagreement arises not from different information, but from different ways of learning

from the same data. A key assumption imposes that while players may interpret the

data in different ways, they have common knowledge of a class of procedures for learning

from data. Using this framework, I construct a quantitative metric for the analyst’s

“confidence” in a strategic prediction, based on the probability that the prediction

is supported by beliefs consistent with the realized data. This level of confidence

depends on various primitives of the learning environment, including the quantity of

data that players observe and the complexity of the learning problem. The main results

describe asymptotic confidence as the quantity of data gets large, and provide bounds

on confidence when players have observed only a small quantity of data. I show how the

proposed approach generates new comparative statics—for example, that speculative

trade between agents is more plausible when agents learn from higher-dimensional data,

and that coordination is less likely when agents observe noisy data.
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1 Introduction

Predictions of play in incomplete information games depend crucially on the beliefs of the

agents, but we rarely know what those beliefs are. The standard approach to modeling

beliefs assumes that players share a common prior belief over states of the world, and form

posterior beliefs using Bayesian updating. Under this approach, posterior beliefs that are

commonly known must be identical (Aumann, 1976), and repeated communication of beliefs

eventually leads to agreement (Geanakoplos and Polemarchakis, 1982). These implications

conflict not only with considerable empirical evidence of public and persistent disagreement,

but also with the more basic, day-to-day, experience that individuals interpret the same

information in different ways.1

This paper generalizes from the assumption of a common prior by supposing that players

form beliefs based on a set of ways of interpreting the data. Formally, I define a learning

rule to be any function that maps data (a sequence of signals) into a belief distribution over

payoff-relevant parameters (a first-order belief). Players have common knowledge of some set

of “reasonable” learning rules—for example, these learning rules may correspond to Bayesian

updating from a set of prior beliefs, or they may correspond to different frequentist estimators

for the unknown parameter. The special case of a singleton Bayesian learning rule returns

the common prior assumption, but in general, the set of learning rules will infer different

parameter values from the same data. This produces a set of plausible parameter values. I

impose a key restriction on beliefs to structure the approach: for any realization of the data,

players have common certainty in the set of plausible parameter values—that is, they assign

probability 1 to the true parameter belonging to this set, suppose that others do as well,

and so forth.

The main contribution of the paper is a proposed metric for the analyst’s “confidence” in

a strategic prediction in this game. Specifically, consider the prediction that a given action

is rationalizable. Whether this is consistent with the proposed belief restriction depends

on the realization of the data. I associate each action with a confidence set based on the

1In financial markets, players publicly disagree in their interpretations of earnings announcements Kandel

and Pearson (1995), valuations of financial assets Carlin et al. (2013), forecasts for inflation Mankiw et al.

(2004), forecasts for stock movements Yu (2011), and forecasts for mortgage loan prepayment speeds Carlin

et al. (2014). players publicly disagree also in matters of politics Wiegel (2009) and climate change Marlon

et al. (2013).
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measure of data sets given which that prediction holds. The upper bound of the confidence

set is the probability that the action is rationalizable given some belief (hierarchy) satisfying

the belief restriction, and the lower bound is the probability that the prediction holds for

all beliefs satisfying the restriction. Thus, if both of these probabilities are equal to one,

the analyst has maximal certainty that the action is rationalizable, and if they are both

zero, he has maximal certainty that it is not. In the intermediate cases, there is uncertainty

about whether the action is rationalizable, and the confidence sets reflect the extent of that

uncertainty.

The main results in this paper characterize various properties of these confidence sets,

beginning with their asymptotic behaviors. I first show that if sets of learning rules are too

large, then the confidence set may fail to be asymptotically continuous: that is, even if an

action is strictly rationalizable in the limiting game, the analyst’s confidence sets may be very

different from t1u for arbitrarily large quantities of data. Roughly, this is because the rate

of convergence under different learning rules cannot be uniformly bounded, so it is always

possible that some learning rule produces an expected payoff that is very different from the

limiting value. If, however, the set of learning rules satisfy a uniform convergence property

that I describe, then the following statements hold: If an action is strictly rationalizable

at the limit, then the analyst’s confidence set must converge to t1u as the quantity of data

gets large, and if an action is not rationalizable in the limit, the analyst’s confidence set

converges to t0u. (The intermediate case, in which actions are rationalizable but not strictly

rationalizable, is more subtle—see Section 5 for further detail.)

Next, I consider the setting of small sample sizes, and bound the extent to which the

analyst’s confidence set differs from its asymptotic limit. The main results in this section

provide quantitative bounds for the confidence sets, which connect the analyst’s confidence

to primitives of the learning environment. For example, if an action is strictly rationalizable

in the limiting game, then whether it is rationalizable for finite amounts of data depends on

how fast the different learning rules jointly recover the payoff-relevant parameter, as well as

on a cardinal measure for how strict the solution is at the limit. These results complement the

examples in Sections 2 and 4, where I explicitly characterize confidence sets in two classic

settings—a trade game and a coordination game—and show how the proposed approach

can be used to generate new comparative statics. For example: speculative trade is more

plausible when agents learn from higher-dimensional data, and that coordination is less likely
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when agents observe noisy data. These predictions—which hold even if data is public and

common—are difficult to produce under assumption of a common prior.

This paper contributes to a large literature studying the robustness of strategic predic-

tions to the specification of player beliefs (Rubinstein, 1989; Dekel et al., 2006; Weinstein

and Yildiz, 2007; Chen et al., 2010) and equilibrium selection in incomplete information

games (Carlsson and van Damme, 1993; Kajii and Morris, 1997). At a technical level, the

restrictions on beliefs that I place ensure that permitted types converge in the uniform-weak

topology, as proposed and characterized in Chen et al. (2010) and Chen et al. (2017). This

relationship is described in more detail in Section 5.2.

Conceptually, the goals of the present paper differ from the previous literature in several

respects: First, my focus here is not on equilibrium selection—choosing one equilibrium

from a set of many—but rather on providing a metric for the strength of a given prediction.

Second, in contrast to the many binary or “qualitative” notions of robustness that have been

proposed, this paper delivers a continuous-valued or quantitative metric.

Third, while the literature thus far has primarily considered robustness to perturbations

of beliefs, I am interested here also in predictions that we may make for beliefs that are

“far away” from the limiting beliefs. To discipline these beliefs, I endogenize the type space

using a learning foundation for belief formation. In strategic contexts, such learning-based

approaches have been explored in Dekel et al. (2004) and Esponda (2013) among others,

although my goal here is to provide a metric of robustness rather than a new solution concept.

Other important precedents include Cripps et al. (2008) and Acemoglu et al. (2015), which

study how beliefs (about beliefs) evolve given increasing quantities of data, and Steiner and

Stewart (2008), which characterizes the limiting equilibria of a sequence of games in which

players infer payoffs from related games. Finally, the depiction of agents as “statisticians” or

“machine learners” relates to a growing literature in decision theory (Gilboa and Schmeidler,

2003; Gayer et al., 2007; Al-Najjar, 2009; Al-Najjar and Pai, 2014) and game theory (Jehiel,

2005; Spiegler, 2016; Olea et al., 2017; Cherry and Salant, 2020). In particular, Cherry and

Salant (2020) similarly models players in a game as statisticians who form beliefs based on

data, although in that paper, players use the same rule to interpret different data, while I

focus on players who use different rules to interpret common data.
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2 Example

In this section, I use the proposed approach to revisit a classic example: trade between two

players. In this game, the assumption that players share identical posterior beliefs if they

see common data has strong implications for strategic play. I show how we can relax this

assumption by endogenizing disagreement based on two new primitives—a data-generating

process and set of learning rules—and relate “confidence” in prediction of trade back to

primitives of the learning environment.

The game is described as follows: A Seller owns a good of unknown value v P t0, 1u.

He can either enter a market at cost c, or exit and keep the good. Entering leads to a

simultaneous interaction with a Buyer, where the Seller chooses whether to sell the good

at a (pre-set) posted price p, and the Buyer chooses whether to purchase the good at that

price. The game and its payoffs are described in Figure 1 below.

Enter Exit

Sell Don’t Sell
Buy v  p, p c 0, v  c

Don’t Buy 0, v  c 0, v  c

(0, v)

Seller

Figure 1: Description of Game

Suppose that the cost c and price p satisfy 0 ă c ă p ă 1, so the seller prefers to sell

at the low value and prefers to keep the good at the high value. If players hold identical

posterior beliefs, then entering is not rationalizable for the Seller in this game, reminiscent

of the no-trade theorem (Milgrom and Stokey, 1982).2

I relax this assumption by supposing that players commonly observe a sequence of past

goods and valuations, where each good is described by a vector x P X :“ r´1, 1sm of m

2If trade does not occur subsequently, then the Seller receives v ´ c from entering but v ą v ´ c from

exiting. Thus, entering can be rationalized only if trade subsequently occurs. But trade can occur only if the

Buyer believes that Epvq ě p while the Seller believes that Epvq ď p, implying Epvq “ p under their shared

belief. The Seller can improve on his expected payoff of p´ c by choosing to exit.
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observable attributes normalized to lie in the interval r´1, 1s. A good with attributes x

has value fpxq, where f is an unknown mapping. Players commonly observe a data set

zn “ tpxi, fpxiqqu
n
i“1 consisting of n goods xi drawn from a uniform distribution on X, along

with their values fpxiq.

Although agents do not know f , they do know that f belongs to a certain family of func-

tions. For simplicity, take this to be the set F of rectangular classification rules, i.e. functions

fRpxq “ 1px P Rq indexed to hyper-rectangles R in r´1, 1sm.3 A Bayesian statistician with

prior π P ∆pFq over rectangular classification rules re-normalizes his prior over all classifi-

cation rules consistent with the observed data—that is, all f̃ P F such that f̃pxiq “ fpxiq at

the observed xi. (See Figure 2 for examples.) Suppose the properties of the Seller’s good are

known, and for simplicity let it be the zero-vector, denoted x0. The Bayesian’s expectation

of v “ fpx0q is then given by Eπpv | zq :“
ş

fPF fpx0qπpf | zqdf.

1

1

+1

+1

(xi, f(xi))

f(xi) = 1

f(xi) = 0

Figure 2: The circles represent the observed data. Each good is described by a vector in r´1, 1s ˆ r´1, 1s.

The circle is black if its valuation is 1 and gray if its valuation is low. A rule is consistent with the data if it

correctly predicts the valuation for each observation. Two rectangular classification rules are depicted: each

predicts ‘1’ for goods in the shaded region and ‘0’ for goods outside. Both are consistent with the observed

data.

Without restricting which priors are valid, we can discipline beliefs with the following

weaker requirement: players assign probability 1 to the set of expectations of v that are con-

sistent with Bayesian updating from some prior over rectangular classification rules, assign

3For example, whether all attributes fall into an “acceptable” range, as judged by a downstream buyer.
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probability 1 to the other player assign probability 1 to this set, and so on.

Assumption 1 (Restriction on Beliefs). For every zn, players have common certainty in

the set C pznq “ tEπpv | znq : π P ∆pFqu .

Since the set C pznq is endogenous to the data, the set of beliefs satisfying Assumption

1 is also random from the ex-ante perspective of the analyst. We can thus quantify the

analyst’s “confidence” in predicting that entering is rationalizable for the Seller as follows:

Let pn be the measure of data sets zn such that entering is rationalizable for some belief

satisfying Assumption 1, and let pn be the measure of data sets zn such that entering is

rationalizable for all beliefs satisfying Assumption 1. Then the set rpn, pns is a kind of

“confidence set” that describes how certain the analyst should be in predicting that the

entering is rationalizable, when agents have commonly observed n data points. The extreme

case of pn “ pn “ 1 implies full confidence that entering is rationalizable, while pn “ pn “ 0

implies full confidence that it is not.

Claim 1. The probability pn “ 0 for every n. Additionally:

(a) Fixing any number of attributes m, the probability pn Ñ 0 as nÑ 8.

(b) Fixing any number of data observations n, the probability pn is increasing in the number

of attributes m, and pn Ñ 1 as mÑ 8.

That is, for every quantity of data n, the probability that entering is rationalizable for

all beliefs satisfying Assumption 1 is zero. But the probability that entering is rationalizable

for some belief satisfying Assumption 1 varies depending on n and m. Part (a) says that as

the number of observations n grows large, this probability pn vanishes to zero, implying that

the confidence set converges to a degenerate interval at zero. The infinite-data limit thus

returns the prediction of “no trade” consistent with the common prior assumption. But if the

amount of data is finite, and the number of attributes is large, then pn can be substantially

greater than zero. Indeed, Part (b) of the claim says that this probability pn can be made

arbitrarily close to 1 by increasing the dimensionality of the learning problem via choice of

large m. This reflects that in a high-dimensional learning problem, many classification rules

are likely to be consistent with the data, including some that yield conflicting predictions.

Thus, “rational” disagreement is possible and even likely.
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An exact characterization of rpn, pns is given in Lemma 3 in the appendix. Using these

expressions, I plot below the behavior of these confidence sets for different numbers of at-

tributes m, taking the true function to be 1px P r´a, asmq where a “ 0.1.

20 40 60 80 100

0.2
0.4
0.6
0.8
1.0

Number of observations n Number of observations n Number of observations n

20 40 60 80 100

0.2
0.4
0.6
0.8
1.0

20 40 60 80 100

0.2
0.4
0.6
0.8
1.0

(a) m = 1 (b) m = 10 (c) m = 100

pn

pn

pn

pn

pn

pn

Figure 3: The shaded area depicts confidence sets rpn, pns for the rationalizability of entering

given n common observations.

Thus, although trade is not predicted in the limiting game, it is a plausible outcome

if the number of data observations is small and the number of attributes is large. For

example, if there are 10 attributes and players observe only 20 goods, then the confidence

set rpn, pns “ r0, 0.99s. That is, with near certainty, entering will be rationalizable for the

Seller given the realized data for some belief satisfying Assumption 1.

A first takeaway from this exercise is qualitative: Claim 1 predicts that actions which

require disagreement in beliefs are more likely to occur when those beliefs are based on data

in “complex” learning environments. While this is an intuitively reasonable prediction, it is

difficult to obtain under the common prior assumption, which not only precludes different

beliefs given identical data, but also precludes disagreement given different data, if posterior

beliefs are common knowledge (Aumann, 1976).

The second takeaway is quantitative: computations like those used to produce Figure

3 can provide a sense of how much data agents need to see to justify a given strategic

prediction. This exercise does require the analyst to have a model of what learning rules

agents consider reasonable in the setting, and what the true data-generating process is.

While these are not small demands, these new primitives are more observable than agent

beliefs in many economic environments.4 Moreover, while I chose a simple set of learning

4For example, the set of statistical procedures that are commonly used for interpreting certain data sets
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rules for the purpose of obtaining exact expressions for the confidence set, in practice such

confidence sets can be simulated for more complex kinds of learning procedures.

Subsequently, I generalize the approach described in this example.

3 Approach

3.1 Preliminaries

Basic Game. There is a finite set of I players and a finite set of actions Ai for each player

i. The set of action profiles is A “
Ś

iAi, and the set of possible games is identified with

U :“ R|I|ˆ|A|. Agents have beliefs over a set of payoff-relevant parameters Θ, which is a

compact subset of finite-dimensional Euclidean space. It is possible to set Θ “ U , so that Θ

is itself the set of games, or to define beliefs over a lower-dimensional set of payoff-relevant

parameters, as in the previous example. In either case, the parameters in Θ are assumed

to be related to payoffs by a bounded and Lipschitz continuous embedding g : Θ Ñ U

(assuming the sup-norm on both spaces).5 When convenient, the notation uipa, θq “ gipθq is

used to denote player i’s payoff given action profile a and parameter θ.

Beliefs. Let X0 “ Θ, X1 “ X0 ˆ p∆pX0qq
I , . . . , Xn “ Xn´1 ˆ p∆pXn´1qq

I , etc., so that

each Xk is the set of possible k-th order beliefs. Define T0 “
ś8

n“0 ∆pXnq. An element

pt1i , t
2
i , . . . q P T0 is a hierarchy of beliefs over Θ (describing the player’s uncertainty over Θ,

his uncertainty over his opponents’ uncertainty over Θ, and so forth), and referred to simply

as a belief or type. There is a subset of types T ˚i (that satisfy the property of coherency6 and

common knowledge of coherency) and a function κ˚i : T ˚i Ñ ∆
`

Θˆ T ˚´i
˘

such that κ˚i ptiq

preserves the beliefs in ti; that is, margXn´1
κ˚i ptiq “ tni for every n (Mertens and Zamir,

1985; Brandenburger and Dekel, 1993).7 The tuple pT ˚i , κ
˚
i qiPI is the universal type space. In

practice, modelers often work with smaller (belief-closed) type spaces pTi, κiqiPI where each

Ti Ď T ˚i and κi : Ti Ñ κ˚i pTiq is the restriction of κ˚i to Ti.

may be commonly understood as part of standard industry practice. In some industries, a certain set of

statistical frameworks are taught to professionals as part of their training.
5The map g can be interpreted as capturing the known information about the structure of payoffs.
6margXn´2

tni “ tn´1
i , so that pt1i , t

2
i , . . . q is a consistent stochastic process.

7Notice that T˚´i is used here to denote the set of profiles of opponent types.
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Types are sometimes modeled as encompassing all uncertainty in the game. In the present

paper, types describe players’ structural uncertainty over payoffs, but not their strategic

uncertainty over opponent actions. The set of states of the world is Ω “ Θˆ
ś

iPI T
˚
i , where

each ω P Ω describes the resolution of the payoff-relevant state as well as of all player types.

3.2 Restriction on Beliefs

The proposed approach endogenizes the type space based on two new primitives: a data-

generating process, and a set of rules for how to extrapolate beliefs from realized data.

Formally, let pZtqtPZ` be a stochastic process where the random variables Zt take value

in a common set Z, and the typical sample path is denoted z “ pz1, z2, . . . q. The data-

generating process is a measure P over the set Z8 of all (infinite) sample paths. Let P n

denote the induced measure on the first n variables. A data set zn of size n is the restriction

of z to its first n coordinates, and Zn is the set of all length-n data sets. In a Bayesian

formulation, we would write Pθ P ∆pZ8q for the data-generating process associated with

parameter θ, and assume that pPθqθPΘ is common knowledge. The likelihoods pPθqθPΘ along

with a distribution over Θ complete the description of a prior over ΘˆZ8, and if this prior

is shared across agents, then we return the common prior approach. The realized data zn

uniquely determines a posterior belief over Θ.

Generalizing from Bayesian updating, I define a learning rule to be any map from data

sets into first-order beliefs:

µ :
8
ď

n“1

Zn Ñ ∆pΘq.

For example, a learning rule may map the history zn to a degenerate belief at a sample

statistic (such as the empirical average8) or to a distribution over various point-estimates for

θ. Throughout this paper, I restrict consideration to learning rules that satisfy the following

condition:

Assumption 2 (Common Limiting Parameter). There is a limiting parameter θ8 such that

lim
nÑ8

EµpZnqpθq Ñ θ8 P -a.s.

This assumption requires that each learning rule recovers the same limiting parameter θ8

as the quantity of data n grows large. If we interpret θ8 to be the “true” value of the

8See Jehiel (2018) for a recent paper that studies agents who learn from data using such a rule.

10



parameter, then this assumption implies that each EµpZnqpθq is a consistent estimator of θ8.9

Players have common knowledge of a set M of learning rules satisfying the above as-

sumption, where these rules may interpret data in different ways. The set of “plausible”

expected parameters given this set M and the realized data zn is

C pznq “ tEµpznqpθq | µ PMu (1)

I assume that players have common certainty in this set C pznq—that is, they assign prob-

ability 1 to the set, believe with probability 1 that all other players assign probability 1 to

the set, and so forth (Monderer and Samet, 1989).10

Formally, for any set C Ď Θ, define B1,1
i pC q :“ tti P T

˚
i : margΘ κ

˚
i ptiqrC s “ 1u to be

the set of player i types whose marginal beliefs over Θ assign probability 1 to the set C .

Recursively, for each k ą 1, define Bk,1
i pC q “

!

ti P T
˚
i : κ˚i ptiq

´

ΘˆBk´1,1
´i

¯

“ 1
)

.11 Then

T C
i “

č

kě1

Bk,1
i pC q

is the set of player i types that have common certainty in C ˆ
ś

iPI T
˚
i , or more simply,

common certainty in C .

The (interim) type space given data zn is defined as follows:

Definition 1. For every zn, the induced type space is
´

T
C pznq
i , κ

C pznq
i

¯

iPI
, where κC

i : T C
i Ñ

κ˚i pT
C
i q is the restriction of κ˚i to T C

i .12 Say that the type ti is permitted for player i if

ti P T
C pznq
i .

This type space includes all type profiles where each player i has common certainty in

the set of parameters C pznq. Note that the type space permits common knowledge disagree-

ment—that is, player i can believe with probability 1 that (all believe with probability 1

that...) players hold different first-order beliefs. Such types are precluded under the common

prior assumption not only in the present setting of common data, but also if we were to allow

9This assumption can be relaxed, see Section 7.
10As I discuss in Section 7, it is not critical that players have common certainty in the set, and the

assumption can be relaxed to common p-belief in C pznq for large p.
11For example, B2,1

i pC q is the set of player i types that assign probability 1 to all other players assigning

probability 1 to C .
12It is easy to show that the type spaces pTC

i , κ
C
i qiPI are belief-closed ; that is, κC

i ptiqpΘ ˆ TC
´iq “ 1 for

every ti P T
C
i .
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for private and different information (Aumann, 1976). The induced type spaces in Definition

1 thus corresponds to a relaxation of the common prior assumption, where the permitted

extent of disagreement is governed by the set of learning rules M.

Note also that restrictions are placed only on the final beliefs that players hold, and not

on how they came to form those beliefs. In particular, I do not impose a structural model for

how the players use learning rules from M. For example, each of the following is consistent

with the restriction in Definition 1:

• Uncertainty: Each player has a uniform belief over C pznq.

• Randomization: All players form first-order beliefs by drawing a learning rule µ at

random from a public distribution overM and taking an expectation of θ with respect

to µpznq.

• Misspecification: Player i believes that player j’s first-order belief is degenerate on

Eµpznqpθq for some learning rule µ P M, while it is degenerate on Eµ1pznqpθq for some

other µ1 PM.

In some cases, such as in the subsequent example in Section 4, it is possible to take C pznq

itself as a primitive without explicitly defining M. Other example classes of learning rules

include:

Bayesian Updating with Different Priors. Let each learning rule µπ PM be identified with

a prior distribution π P ∆pΘˆZ8q. Then for any zn, the belief µπpznq is the marginal over

Θ of the posterior belief associated with the corresponding prior π.

Sample Statistics. The set M consists of learning rules that map the data to different

point-estimates for the payoff-relevant parameter. For example,M might consist of the two

learning rules µmean and µmedian, where for any data set zn, µmeanpznq is a point-mass belief on

the mean realization in zn, and µmedianpznq is a point-mass belief on the median realization.

Linear Regression. Suppose that X Ď Rp, p ă 8, is a set of attributes that determine the

value of a parameter in Θ (e.g. physical covariates of a patient seeking health insurance,

and medical outcomes for those patients). The observations in zn are pairs px, θq, and the

payoff-relevant unknown is the parameter associated with some new x˚ (e.g. the outcome

for a new patient with characteristics x˚).
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Each learning rule µ PM corresponds to a different regression model based on a subset

of attributes Iµ Ď t1, . . . , pu. Write xµ “ pxiqiPIµ for the coordinates of x at those indices.

Then, f̂OLSµ rznspxq “ βOLSµ ¨ xµ is the linear function of the attributes in Iµ that best fits the

observed data zn “ tpx
k, θkqunk“1; that is,

βOLSµ “ argmin
βPR|Iµ|

1

n

n
ÿ

i“1

pβ ¨ xkµ ´ θ
k
q
2

For every zn, the learning rule µ maps zn into a point-mass belief on the corresponding

prediction f̂OLSµ rznspx
˚q.

Case-Based Learning with Different Similarity Functions. As in the previous example, sup-

pose that the observations are pairs px, θq P X ˆ Θ, and the payoff-relevant parameter

is the outcome at some new x˚. Each “case-based” learning rule µ P M is identified

with a real number λ P R` (to be interpreted momentarily) and maps the historical data

zn “ tpx
k, θkqunk“1 into a weighted average of the observed parameter values θk (Gilboa and

Schmeidler, 1995; Gilboa et al., 2008). The observed parameters at x-values “more similar”

to x˚ are weighted more heavily. Formally, let g : X ˆ X Ñ R` be a similarity function

on attributes, where gpx, x1q describes the distance between attribute vectors x and x1. The

learning rule with parameter λ maps zn to a point mass on the weighted average

1

n

n
ÿ

k“1

θk ¨
e´λgµpx

k,x˚q

ř

k1 e
´λgµpxk

1 ,x˚q
.

The parameter λ controls the degree to which similar observations are weighted more heavily

than dissimilar observations. For example, λ “ 0 returns a simple average of all of the

observed states, while λ Ñ 8 returns the observed state at the most similar attribute

vector.

3.3 Analyst’s Confidence Set

I now use the proposed framework to construct a quantitative metric for the analyst’s con-

fidence in a strategic prediction, focusing on prediction that an action is interim-correlated

rationalizable (Dekel et al., 2007). As explained in Section 7, the choice of this particu-

lar solution concept is not critical to the approach—for example, we could alternatively
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consider prediction of Bayesian Nash equilibria. I don’t consider this as the primary solu-

tion concept, because equilibrium notions are known to lead to potentially counterintuitive

predictions when players have common knowledge disagreement.13

The definition of (interim-correlated) rationalizability is reviewed here: Fix any type

space pT C
i , κ

C
i qiPI . For every player i and type ti P T

C
i , set S0

i rtis “ Ai, and define Ski rtis for

k ě 1 such that ai P S
k
i rtis if and only if ai is a best reply to some π P ∆pΘ ˆ T C

´i ˆ A´iq

satisfying (1) margΘˆTC
´i
π “ κC

i ptiq and (2) π
`

a´i P S
k´1
´i rt´is

˘

“ 1, where Sk´1
´i rt´is “

ś

j‰i S
k´1
j rt´js. We can interpret π to be an extension of type ti’s belief κC

i ptiq onto the

space ∆pΘ ˆ T C
´i ˆ A´iq, with support in the set of actions that survive k ´ 1 rounds

of iterated elimination of strictly dominated strategies for types in T C
´i. For every i, the

actions in S8i rtis “
Ş8

k“0 S
k
i rtis are interim correlated rationalizable for player i of type ti,

or (henceforth) simply rationalizable.

For any set of parameter values C Ď Θ, say that action ai is strongly C -rationalizable

if it is rationalizable for player i of any type ti P T
C
i , and it is weakly C -rationalizable if

it is rationalizable for player i of some type ti P T
C
i . Strong and weak C -rationalizability

are new definitions, and represent two edge approaches—maximally stringent and maximally

lenient—for determining whether ai constitutes a “reasonable” prediction in the interim type

space
`

T C
i , κ

C
i

˘

iPI .

The main concept of a confidence set is now defined.

Definition 2. For every n P Z`, define pnpaiq to be the probability (over possible datasets

zn) that action ai is rationalizable for every type in T
C pznq
i ; that is,

pnpaiq “ P n
ptzn : ai is strongly C pznq-rationalizableuq . (2)

Define pnpaiq to be the probability (over possible datasets zn) that action ai is rationalizable

for player i for some type ti P T
C pznq
i ; that is,

pnpaiq “ P n
ptzn : ai is weakly C pznq-rationalizableuq . (3)

The confidence set for prediction of ai given n observations is rpnpaiq, p
npaiqs.

13For example, consider a matching pennies game where player 1 receives θ if players match and ´θ other-

wise, and player 2 receives ´θ if the players match and θ otherwise. Let θ P t´1, 1u. Then if player 1 assigns

probability 1 to θ “ 1 while player 2 assigns probability 1 to θ “ ´1, it is (somewhat counterintuitively)

a Bayesian Nash equilibrium for both players to choose match. See Dekel et al. (2004) for an extended

discussion.
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The larger pnpaiq and pnpaiq are, the more confident an analyst should be predicting that

ai is rationalizable. At extremes: If pnpaiq “ pnpaiq “ 1, then given observation of n random

samples, the action ai is guaranteed to be rationalizable for player i (for all permitted

types). If pnpaiq “ pnpaiq “ 0, then action ai is guaranteed to not be rationalizable for

player i (for any permitted types). In the intermediate cases, if 0 ă pnpaiq “ pnpaiq ă 1,

then rationalizability of the action ai depends on the specific realization of the data, and if

pnpaiq ă pnpaiq, then the prediction requires assumptions on the details of the agent’s belief

beyond Assumption 1. I do not comment here on what further assumptions may be imposed,

interpreting this case simply as one of ambiguity.

Some basic observations include:

Observation 1. For every player i and action ai P Ai:

(a) pnpaiq ď pnpaiq for every n P Z`.

(c) If M consists of a single learning rule, then pnpaiq “ pnpaiq for every n P Z`.

Additionally, in the special case in which agents have a common prior, the definitions in

pnpaiq and pnpaiq have the following familiar interpretation:

Example 1. (Common Prior.) Suppose that players share a common and correct prior over

Θ ˆ Z8. Write µ for the learning rule that maps zn into the induced posterior belief over

Θ under the common prior. Then, each realization zn determines an interim game, where

players all have common certainty in the posterior belief. Moreover, the common prior

determines a distribution over data sets zn, and hence a distribution over possible interim

games. For any player i and action ai, the probabilities pnpaiq “ pnpaiq, and are equal to the

measure of size-n datasets zn (under the common prior) with the property that action ai is

rationalizable for player i in the corresponding interim game.14

In the above approach, the common prior serves multiple roles: it simultaneously deter-

mines the true distribution over the data that agents might see, and also determines how

agents update from that data. When we separate these roles, we can still use an objective

14This approach is similar for example to Kajii and Morris (1997) (if we re-interpret the histories zn as

the states), where an incomplete information game is “close” to a complete information game if the payoffs

of the complete information game occur with high probability under the prior.
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data-generating process to define a measure over interim games, as I do here. In this way,

the probabilities pnpaiq and pnpaiq are a natural generalization of a standard measure of the

“typicality” of a strategic prediction, in the absence of a common prior.

4 Second Example: Coordination

To illustrate the definitions above, I now apply these ideas to a second classic setting: a

two-player coordination game.

Suppose that a contagious disease spreads across a population at an unknown speed. Two

states are connected, in that people travel between them, and their governors each choose

between implementing a strong or a weak lockdown policy in their states to slow the spread

of the disease. Implementation of the strict lockdown policy entails a large economic cost,

but if the states coordinate on doing so, then the disease will be suppressed with certainty.

The two governors form beliefs about the growth rate of the disease based on a public

data set tpt, ytqu
n
t“1, which consists of the number of reported cases of the disease, yt, on

days t “ 1, 2, . . . , n. The number of reported cases grows exponentially according to

log yt “ βt` εt

where the noise term εt has a normal distribution with known parameters µ “ 0 and σ2 ą 0.

The constant β is not known. Payoffs are given by the following matrix

Strong Weak

Strong ´1,´1 ´1´ β,´β

Weak ´β,´1´ β ´β,´β

The economic cost of the strong lockdown is normalized to 1, and the cost of letting the

disease progress without a strong lockdown is given by its growth rate β. A weak lockdown is

strictly dominant if β ă 1, but coordination on the strong lockdown is the Pareto-dominant

Nash equilibrium if β ą 1.

Since the data is public, the assumption of a common prior over the model parameter

β necessarily restricts the agents to identical posterior beliefs. This rules out, for example,

the possibility that a governor chooses the weak policy, not because he infers from the data

that the disease is low-risk, but because he believes that the other governor makes such an

inference.
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In practice, the agents may use different statistical procedures for inferring β from the

data, leading to different estimates. For simplicity, I relax the assumption of a common prior

in the following way. Define β̂pznq to be the ordinary least-squares estimate of β from the data

zn :“ tpt, log ytqu
n
t“1, and let φn be the constant such that C pznq “ tβ : |β ´ β̂pznq| ď φnu

is a 95%-confidence interval for β. Let M be the set of all maps from the data zn into

a distribution over the confidence interval C pznq. This allows players to disagree given the

data, but requires the size of that disagreement to be confined within the confidence interval.

Claim 2. Suppose the true value of β satisfies β ą 1. Then, for every σ2 ą 0, both pn and

pn are increasing in n, while for every n, both pn and pn are decreasing in σ2.

That is, suppose the actual growth rate is fast pβ ą 1), so that the strong lockdown

is rationalizable given complete information of the payoffs. Then, the analyst gains confi-

dence in this prediction as the reporting noise σ2 decreases, and the number of observations

n increases.15 Lemma 1 in the appendix explicitly characterizes pn and pn. Using those

expressions, I plot in Figure 4 the behavior of these confidence sets for different levels of

reporting noise σ.

200 400 600 800 1000

0.2
0.4
0.6
0.8
1.0

200 400 600 800 1000

0.2
0.4
0.6
0.8
1.0

200 400 600 800 1000

0.2
0.4
0.6
0.8
1.0

Number of observations n Number of observations n Number of observations n

(c)  = 1000(b)  = 100(a)  = 10

pn

pn

pn

pn

pn

pn

Figure 4: The shaded area depicts confidence sets rpn, pns for the rationalizability of the

strong lockdown given n common observations, and allowing the reporting noise σ to vary.

In all panels, β “ 2.

As the number of observations n grows, both pn and pn increase as well. If the number

of observations is large relative to the reporting noise, then the analyst should have high

15It is straightforward to show that if instead β ă 1, then the reverse statements hold; that is, the

probabilities pn and pn are decreasing in n and increasing in σ2.
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confidence that the strong lockdown policy is rationalizable—for example, if σ “ 10 and

n “ 100, then the confidence set r0.99, 1s is nearly degenerate at certainty. On the other

hand, if the reporting noise is large and the number of observations is relatively small, then

the strong lockdown is likely to be rationalizable for some permitted types, but not for all

of them—for example, if σ “ n “ 100, then the confidence set is r0.08, 0.99s, suggesting

substantial ambiguity regarding whether the strong lockdown is a good prediction of play.

5 Asymptotic Results

In some cases, such as in the examples in Sections 2 and 4, it is possible to explicitly

characterize rpnpaiq, p
npaiqs for all n. I subsequently provide more general results for the

behavior of these confidence sets, which are informative even when these characterizations

are not available.

I first consider the limiting behavior of the probabilities pnpaiq and pnpaiq as the quantity

of data n gets large. Recall that by Assumption 2, the expected parameters under the

different learning rules converge to a limiting value θ8. Thus, the n “ 8 limit corresponds

to the complete information game indexed to θ8. For any action ai, whether the probabilities

pnpaiq and pnpaiq are continuous at n “ 8 tells us how sensitive rationalizability of ai is to

an assumption that agents have coordinated their beliefs using infinite data. When these

probabilities are discontinuous at n “ 8, then the infinite-data prediction is fragile, and the

analyst would make different predictions for arbitrarily large finite quantities of data.

Formally, define p8paiq “ p8paiq “ 1 if the action ai is rationalizable in the game indexed

to θ8, and define p8paiq “ p8paiq “ 0 if ai is not rationalizable.

Definition 3. Say that the confidence set for action ai is asymptotically continuous if

lim
nÑ8

rpnpaiq, p
n
paiqs “ rp

8
paiq, p

8
paiqs

5.1 Fragile Predictions

Whether the confidence set for action ai is asymptotically continuous turns out to depend

crucially on whether the expected parameters under the different learning rules converge

uniformly to θ8.
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Assumption 3 (Uniform Convergence).

lim
nÑ8

sup
µPM

|EµpZnqpθq ´ θ8| “ 0 P -a.s.

Assumption 2 already implies that for each learning rule µ PM, the expected parameters

EµpZnqpθq converge to θ8 as the quantity of data n grows large. Assumption 3 strengthens

this by requiring additionally that the speed of convergence does not vary too much across

the different learning rules in M. Specifically, the sequence of expectations tEµpZnqu must

converge to θ8 (as nÑ 8) uniformly across µ PM.

A sufficient condition for Assumption 3 to hold is that the set of learning rules M is

finite. But failures of Assumption 3 occur for classes of learning rules that we may consider

plausible. In particular, Assumption 3 fails if the class M is too rich, as in the following

example:

Example 2 (Rich Sets of Priors and Likelihoods). An unknown parameter v takes value in

t0, 1u. Players commonly observe a sequence of realizations from the set Z “ t0, 1u. Learning

rules µπ,q PM are indexed to parameters π P p0, 1q and q P p1{2, 1q, where the parameter π

is the prior probability of value 1, and q identifies the following signal structure:

z “ 0 z “ 1

v “ 0 q 1´ q

v “ 1 1´ q 1

Each rule µπ,q takes the observed sequence of signal outcomes into the posterior belief over

t0, 1u, updating from the associated prior and signal structure. The true data-generating

process belongs to this class; that is, there exists some q˚ P p1{2, 1q such that if v “ 0, then

the distribution over the signal set t0, 1u is pq˚, 1´ q˚q, and if v “ 1, then the distribution is

p1´ q˚, q˚q.

Note that in this example, all learning rules lead to the same belief (that is, there is

asymptotic agreement in the sense of Acemoglu et al. (2015)). But because the rate of this

convergence cannot be uniformly bounded across the different learning rules, it is possible

for the confidence set to be discontinuous at n “ 8.

Claim 3. Consider the trading game described in Section 2, and suppose that the data-

generating process and set of learning rules are as given in Example 2. Then,

lim
nÑ8

rpnpaiq, p
n
paiqs “ r0, 1s
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while rp8paiq, p
8paiqs “ t0u, so the prediction that entering is not rationalizable for the Seller

is not asymptotically continuous.

The claim tells us that although trade will not occur in the limiting game, this prediction

is sensitive to the assumption that agents have indeed coordinated their priors using infinite

data. That is, even if the amount of data that players commonly observed were to be

arbitrarily large, the analyst should nevertheless consider trade to be a plausible outcome

(for the given set of learning rules).

5.2 Asymptotic Continuity

In contrast, when the assumption of uniform convergence is satisfied, then asymptotic con-

fidence sets can be more tightly linked to predictions in the limiting complete information

game.

Theorem 1. Suppose Assumption 3 is satisfied.

(a) If ai is strictly rationalizable16 in the complete information game indexed to θ8, then

limnÑ8rp
n
paiq, p

n
paiqs “ t1u.

(b) If ai is not rationalizable in the complete information game indexed to θ8, then

lim
nÑ8

rpnpaiq, p
n
paiqs “ t0u.

This proposition says that if an action ai is strictly rationalizable in the limiting complete

information game (given infinite samples), then pnpaiq and pnpaiq both converge to 1 as n

grows large. Thus, when agents observe sufficiently large quantities of public data, the

analyst should be arbitrarily confident in predicting that ai is rationalizable. On the other

hand, if action ai is not rationalizable in the limiting game, then pnpaiq and pnpaiq both

converge to 0, so the analyst should be arbitrarily confident in predicting that ai is not

rationalizable for large data sets.

16Recall that an action is strictly rationalizable in a complete information game if there exists a family

of sets pRjqjPI Ď
ś

jPI Aj such that ai P Ri, and for each player j and action aj P Rj , there is a belief

α´j P ∆pR´jq to which aj is a strict best reply.
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The intermediate case in which ai is rationalizable at θ8, but not strictly rationalizable,

is subtle and depends on details of the game. An example is given in Appendix D.2 in which

limnÑ8rp
npaiq, p

npaiqs “ t1u, and a second example is given in Appendix D.3.2 in which

limnÑ8rp
npaiq, p

npaiqs “ r0, 1s. Note that the latter corresponds to a maximally ambiguous

outcome—no amount of data is decisive on whether or not the action should be considered

rationalizable. These subtleties are discussed at length in Appendix D, where I provide a

necessary condition for the confidence set to converge to certainty, namely that the action

ai is “weakly” strictly-rationalizable at θ8, a property that I define.

I now provide a brief explanation for what determines these different asymptotic behav-

iors. A key definition is the set of complete information games in which ai is rationalizable:

Definition 4. Let Θai Ď Θ be the set of parameters θ such that ai is rationalizable for player

i in the complete information game indexed to θ.17

Under Assumption 3, as the quantity of data n gets large, players eventually have common

certainty of a shrinking neighborhood around the limiting parameter θ8. If θ8 R Θai , so that

action ai is not rationalizable in the limiting game, then players eventually have common

certainty of a set that is disjoint from Θai . The action ai clearly cannot be rationalizable for

all types satisfying this common certainty restriction, so pnpaiq Ñ 0. Part (b) of Theorem 1

strengthens this by showing that ai is eventually not rationalizable for any type satisfying

this restriction, so also pnpaiq Ñ 0.

Now suppose that the limiting parameter θ8 is in the interior of the set Θai , implying

that players eventually have common certainty of a shrinking set in Θai . A natural conjecture

is that the confidence set rpnpaiq, p
npaiqs must then converge to 1. But common certainty

in subsets of Θai—indeed, common certainty in arbitrarily small open sets within Θai—does

not guarantee rationalizability of ai, as the example in Section D.3.2 demonstrates.18

I show that if, however, players have common certainty of a set C on which action ai is

rationalizable using the same chain of best replies, then ai must be rationalizable. Formally,

say that the family of sets pRjqjPI Ď
ś

jPI Aj and beliefs pνrajsqajPRj ,jPI rationalize the action

ai at θ if for every player j, each aj P Rj is a best reply to the belief νrajs in the game indexed

to the parameter θ.19 Further define:

17The dependence of Θai on the player index i is dropped to save notation.
18A nice example in the concurrent work of Chen and Takahashi (2017) shows this as well.
19Recall that in any complete information game θ, the family of sets pRjqjPI Ď

ś

jPI Aj is closed under
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Definition 5. Say that the action ai can be rationalized using the same chain of best replies

on C Ď Θ if there exists a tuple pRj, pνrajsqajPRjqjPI that rationalizes ai at every θ P C .

I show in Lemma 5 that if ai can be rationalized using the same chain of best responses

on a set C , then it must be rationalizable for all types with common certainty of C .20

Since strict rationalizability of the action ai at the limiting parameter θ8 implies that it can

be rationalized using the same chain of best replies on a neighborhood of θ8, Part (a) of

Theorem 1 follows.21

I conclude with a remark on how these results connect to the literature regarding topolo-

gies over the universal type space. Under Assumption 3, it can be shown that the set of types

T
C pznq
i P -almost surely converges to the singleton type with common certainty in the limiting

parameters θ8, where this convergence is in the Hausdorff metric induced by the uniform-

weak metric (Chen et al., 2010) on the universal type space. It is crucial that convergence

occurs in the uniform-weak metric; indeed, this is what allows refinement to be obtained de-

spite the negative results of Weinstein and Yildiz (2007).22 It is also crucial that convergence

is “uniform” across the set, as implied by convergence in the Hausdorff metric. Indeed, we

know from Chen et al. (2010) that strict rationalizability is lower hemi-continuous in the

uniform-weak topology. Thus, if the action ai is strictly rationalizable at the infinite-data

limit, then (with probability 1 over sample paths) it must eventually be rationalizable along

any sequence of types tni from T
C pznq
i . But this does not imply strong C -rationalizability,

which requires that ai is rationalizable for all types from T
C pznq
i when n is sufficiently large.

best reply if each aj is a best reply to some belief νrajs P ∆pR´jq. This definition simply makes additionally

explicit the beliefs.
20An immediate implication is that strict rationalizability is stronger than the condition that θ8 is in

the interior of Θai . I study this further in Appendix D.4, and provide a condition which characterizes the

interior of this set, namely that the action ai is “weakly-strict rationalizable.”
21Part (a) is closely related to Morris et al. (2012), as the property that pnpaiq Ñ 1 is very similar to the

property that ai is robustly rationalizable, as defined in Morris et al. (2012). A key difference is that Morris

et al. (2012) consider almost common belief in the exact parameter θ8, while I consider common certainty

in a neighborhood of θ8. Nevertheless, as Proposition 1 in Morris et al. (2012) shows, strict rationalizability

is also a sufficient condition for robust rationalizability.
22The main result in Weinstein and Yildiz (2007) relies on types that converge only in the (coarser)

product topology. Informally, the assumption that players have common certainty in a set of first-order

beliefs imposes crucial discipline on tail beliefs, ruling out cases such as constructed in Weinstein and Yildiz

(2007).
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The stronger property that types converge uniformly over the set T
C pznq
i delivers the desired

result, and the discussion above shows how this uniform convergence established.

6 (Small) Finite Samples

The previous section described confidence sets given large numbers of common observations.

I now focus on the setting of small n, and bound the extent to which the agent’s confidence

set, rpnpaiq, p
npaiqs, diverges from its asymptotic limit rp8paiq, p

8paiqs. Throughout this

section, I impose the simplifying assumptions that observations are i.i.d., and that they take

values from a finite set Z:

Assumption 4. Z1, . . . , Zn „i.i.d. Q.

Assumption 5. |Z| ă 8.

In some cases, as in the examples given in Section 2, the confidence sets can be exactly

characterized. In Section 6.1, I provide bounds for the confidence set that can be easier to

derive in certain cases, and the subsequent Section 6.2 provides comparative statics for how

the confidence set varies with properties of the set of learning rules.

6.1 Quantitative Bounds for Confidence Sets

First consider an action ai that is strictly rationalizable in the limiting game θ8. Theorem

1 tells us that the analyst’s confidence set rpnpaiq, p
npaiqs converges to a degenerate interval

at 1. Theorem 2, below, provides a lower bound on pnpaiq, which informs how fast this

convergence occurs.

A key input into the bound is the “degree” to which ai is strictly rationalizable in the

limiting game. Say that an action ai is δ-strictly rationalizable for player i in game θ if there

exists a family of sets pRjqjPI with ai P Ri, such that for every player j and action aj P Rj,

there is some distribution α´j P ∆pR´jq where

ujpaj, α´j, θq ´ δ ą ujpa
1
j, α´j, θq @ a1j ‰ aj. (4)

That is, each aj is a strict best-reply to α´j with a slack of at least δ.23 Now define

δ8 :“ sup tδ : ai is δ-strictly rationalizable in the game θ8u .

23This definition mirrors the more classic notion of ε-best reply.
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Then, if ai is strictly rationalizable in the limiting complete information game, and play-

ers have commonly observed n realizations, the probability that ai is rationalizable for all

permitted types can be upper bounded as follows.

Theorem 2. Suppose ai is strictly rationalizable for player i in the game θ8. Then, for

every n ě 1,

pnpaiq ě 1´
K

δ8
E

«

sup
θ1PC pZnq

}θ1 ´ θ8}8

ff

(5)

where K is the Lipschitz constant of the map g : Θ Ñ U .

Recalling that pnpaiq ě pnpaiq for every n, this proposition allows us to lower bound the

confidence set rpnpaiq, p
npaiqs.

The expression in (5) is increasing in δ8, so the “more strictly-rationalizable” the action

is in the limiting game, the fewer observations are necessary for the prediction to hold.

The bound is decreasing in E
“

supθ1PC pZnq }θ
1 ´ θ8}8

‰

, which is the expected distance from

the limiting parameter θ8 to the farthest parameter in the plausible set C pZnq. When

Assumption 3 is satisfied, then E
“

supθ1PC pZnq }θ
1 ´ θ8}8

‰

Ñ 0 as n Ñ 8, and the speed of

this convergence can be interpreted as the speed at which players commonly learn (Cripps

et al., 2008). Thus, Theorem 2 tells us that the quicker players commonly learn, the fewer

observations are necessary for limiting predictions to carry over to small-data settings.

This qualitative finding is not so surprising, but in some cases the expression in (5) can

be quantified, as in the following example:

Example 3. Consider the payoff matrix from Section 4 with unknown parameter β P R.

Suppose that players commonly observe n public signals zt “ β ` εt, with standard normal

error terms εt that are i.i.d. across observations. The set of possible learning rules inM are

identified with different prior beliefs β „ N px, 1q, where x is in the bounded interval r´η, ηs.

Let the true value of β satisfy β ą 1. Then:

Corollary 1. For each n ě 1,

pnpstrongq ě 1´
1

β ´ 1

˜

c

2

πn
`
β ` η

n` 1

¸

The bound in Corollary 1 is decreasing in η (the size of the model class), increasing in n (the

number of observations), and increasing in β´ 1 (the strictness of the solution at the limit).

24



Now suppose that the action ai is not rationalizable in the limiting game θ8. We know

from Part (c) of Theorem 1 that in this case, the analyst’s confidence set rpnpaiq, p
npaiqs

converges to a degenerate interval at zero. But given small quantities of data n, the action

ai may still constitute a plausible prediction of play, as in the trading game studied in Section

2. Claim 4, below, provides an upper bound on pnpaiq, which informs whether the analyst

should consider ai a plausible prediction away from the limit.

To define this bound, a few intermediate definitions are needed. Let Zai be all data

sets zn given which the action ai is weakly C pznq-rationalizable. (This set is characterized in

Lemma 6 in the appendix, but must be determined on a case-by-case basis.) Each data set zn

is associated with an empirical measure Q̂zn P ∆pZq. The Kullback-Leibler distance between

any such distribution Q̂zn , and the actual data-generating distribution Q, is DKLpQ̂zn}Qq “
ř

zPZ Qpzq log
´

Q̂zn pzq
Qpzq

¯

. Finally, define

Q˚n “ argmin
Q̂PtznPZnaiu

DKLpQ̂zn}Qq

to be the empirical measure associated with a data set in Zai that is closest in Kullback-

Leibler distance to Q. Application of Sanov’s theorem directly gives the following corollary.

Claim 4. Suppose ai is not rationalizable for player i in game θ8; then, for every n ě 1,

pn ď pn` 1q|Z|2´nDKLpQ
˚
n}Qq.

This bound is illustrated below in an example setting:

Example 4. Consider the trading game from Section 2 and the learning rules described in

Example 2, but change the domain of q to r2{3, 1s and the domain of π to r1{4, 3{4s. Suppose

that the true signal structure is identified with q˚ “ 3{4. We know from Theorem 1 that

entering will fail to be rationalizable when players have observed sufficient data. Nevertheless,

the action may be rationalizable for a permitted belief if players have observed a small number

of data points, and the corollary below quantifies this.

Corollary 2. For each n ě 1,

pnpenterq ď pn` 1q22´rn

where r “ 3
4

´

logp3nq ´ log
´

tn
2
`

logp9q
logp2q

u

¯¯

` 1
4

´

logpnq ´ log
´

tn
2
´

logp9q
logp2q

u

¯¯

.
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6.2 Comparative Statics in the Set of Learning Rules

In this final section, I provide qualitative comparisons across different sets of learning rules.

To facilitate these comparisons, it is useful to write
”

pnMpaiq, p
n
Mpaiq

ı

, making explicit the

dependence of the confidence set on M.

A first observation is that expanding the set of learning rules leads to larger, or more

“ambiguous,” confidence sets:

Observation 2. Suppose M ĎM1. Then,
”

pnMpaiq, p
n
Mpaiq

ı

Ď

”

pnM1
paiq, p

n
M1paiq

ı

.

This is because the set of expected parameters C pznq weakly expands as the set of learning

rules grows larger, and so the set of permitted interim types T C pznq expands also. The

condition that ai is rationalizable for all types in T C pznq becomes more difficult to fulfill,

reducing the lower bound pnpaiq, and the condition that ai is rationalizable for some type

in T C pznq becomes easier to fulfill, increasing the upper bound pnpaiq.

More generally, the greater the diversity in expected parameters induced by learning rules

in M, the smaller the probability pnpaiq becomes. Proposition 1 formalizes this by fixing

the distribution over beliefs induced by each individual learning rule inM, and allowing for

arbitrary joint distributions pµpZnqqµPM subject to this constraint.

The simple example below previews the bounds in the subsequent proposition. Consider

the following coordination game:
a3 a4

a1 θ, θ θ ´ 1, 0

a2 0, θ ´ 1 0, 0

where θ P t1,´1u, and suppose that players learn about θ based on a random variable Z P R.

Allow for any set of learning rules M “ tµ1, µ2u, where the distributions of the individual

learning rules are fixed to be

µ1pZq „
3

4
pq, 1´ qq `

1

4
pq, 1´ qq

µ2pZq „
2

3
pq, 1´ qq `

1

3
pq, 1´ qq

for some q, q P r0, 1s satisfying q ą 1{2 ą q. That is, the realization of Z is mapped into

either of two beliefs: a more optimistic belief pq, 1´qq and a more pessimistic belief pq, 1´qq.

The ex-ante probability of the optimistic belief is 3{4 under learning rule µ1, and 2{3 under

µ2. What is the range of possible values for pnMpa1q?
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In this game, the action a1 is strongly C pzq-rationalizable for player 1 if and only if

µ1pzq “ µ2pzq “ pq, 1´ qq.
24 Thus, it can be shown that pnpa1q is largest when the learning

rules maximally overlap in the realizations of Z that are sent to the optimistic belief, in

which case the probability pnpa1q is the lesser probability of the optimistic belief, namely

2{3. At the other extreme, the probability pnpa1q is minimized when µ1pZq and µ2pZq are

“anti-correlated,” so that the realizations of Z taken to the optimistic belief overlap as little

as possible. In this case, pn “ 1´ 1{4´ 1{3 “ 5{12.

These observations can be generalized as follows for arbitrary finiteM under the following

technical assumption.

Assumption 6. Action ai can be rationalized under the same chain of best replies on Θai,

the set defined in Definition 4.

The assumption is needed for reasons related to the discussion in Section 6, and is satisfied

in the above coordination game.25

Proposition 1. Suppose Assumption 6 is satisfied. For each n, fix arbitrary distributions

Qn
1 , . . . , Q

n
K P ∆p∆pΘqq and suppose that M “ tµ1, . . . , µKu has the property that each

µkpZnq „ Qn
k . Then,

1´K `
ÿ

µPM
pn
µ
paiq ď pnMpaiq ď min

µPM
pn
µ
paiq

where each pn
µ
paiq is the probability associated with the set M “ tµu.

The upper bound corresponds to the case in which different learning rules overlap as

much as possible in the data sets that are mapped to Θai . That is, if ai is rationalizable in

the complete information game Eµpznqpθq for some µ PM, then it is likely to be rationalizable

also in every other complete information game Eµ1pznqpθq, µ1 PM. The lower bound, when

attainable, corresponds to the case in which different learning rules disagree as much as

possible in which data sets are mapped to Θai . This intuition can be formalized using the

idea of co-monotonic and counter-monotonic random variables, and the proof follows from a

straightforward application of the Frechet-Hoeffding bound.

24Suppose µpzq “ pq, 1 ´ qq for some µ PM. Then, Eµpθq ă 1{2 and the action a1 is strictly dominated

for the player with common certainty that θ has this value.
25The set Θa1 “ R`, and a1 is rationalizable on it using the tuple pta1u, ta3u, δa3 , δa1q, where δa3 and δa1

are, respectively, degenerate distributions on a3 and a1.
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7 Extensions

In this section, I briefly discuss how certain assumptions that are made in the main text can

be relaxed.

Limit Misspecification and Disagreement. In the main text, I imposed an assumption

which guaranteed that learning rules uniformly recovered the true parameter θ8 as the

quantity of data grew large. It is possible to replace Assumption 3 with the following, weaker

property, which allows players to have heterogeneous and incorrect beliefs even in the limit:

For any ε ě 0, say that the class of learning rules M satisfies ε-Uniform Convergence if

lim
nÑ8

sup
µPM

|EµpZnqpθq ´ θ8| ď ε P -a.s.

This requires that the set of expected parameters converges to an ε-neighborhood of θ8.

Then, Theorem 1 holds so long as the set of learning rulesM satisfies ε-Uniform Convergence

for ε sufficiently small. For example, Part (a) of Theorem 1 holds so long as M satisfies

δ8{K-Uniform Convergence, where K is the Lipschitz constant of the map g : Θ Ñ U . The

rate results do not change.

Approximate Common Certainty. Suppose that instead of imposing common certainty

in C pznq, as we have done in the main text, we assume that players have common p-belief

in C pznq. In this case, the rate results in Section 6 require modification, but all asymptotic

results stated in Section 5 extend for p sufficiently large. Specifically, suppose that the type

set T
C pznq
i is replaced by the set of all types that have common p-belief in the set C pznq.

Then, there exists a p such that so long as players have common p-belief in C pznq, where

p ą p, then Theorem 1 holds as stated. This extension relies on the set of payoff functions

gpΘq being bounded, as was assumed in Section 3.1. Rate results similar to those in Section

6 can also be obtained, but will be different from the ones reported here.

Partially Identified θ. I have assumed so far that the limit as n grows large is a complete

information game. The proposed approach can be extended in a simple way so that the

limit game is instead a game of incomplete information. Let ν P ∆pΘq be the “true”

distribution over uncertainty (a “limit common prior”) and rewrite Assumption 3 as follows:

supµPM dpµpZnq, νq Ñ 0 P -almost surely, where d is the Prokhorov metric on ∆pΘq. Then,
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defining θ8 :“ Eνpθq to be the expected parameter under ν, all the results in Section 5

follow without revision. Note that the interpretation of θ8 is different in this case—that is,

it no longer represents the “true” complete information game, but rather the game that is

perceived given the partial data that is available.

Confidence Sets for Equilibrium. The proposed approach can be paired with solution

concepts besides rationalizability. For example, suppose we are interested in evaluating an

analyst’s confidence in predicting that the action profile a “ pa1, . . . , aIq is part of a Bayesian

Nash equilibrium, when agents have commonly observed n datapoints. The analogous con-

fidence set is rpnpaq, pnpaqs, where the lower bound pnpaq is the probability (over possible

datasets zn) that ai is a best reply to a´i for every player i of any type ti P T
C pznq
i . The upper

bound pn is the probability that there exists some belief-closed type space pTi, κiqiPI where

each Ti Ď T
C pznq
i , and the strategy profile σ with σiptiq “ ai for all i, ti P Ti is a Bayesian

Nash equilibrium. All of the main results have analogues for this case (for example, Theo-

rem 1 holds with “strict rationalizability” replaced with “strict equilibrium” in the limiting

game).

8 Conclusion

Economists make predictions in incomplete information games based on specific beliefs as-

signed to agents, but we don’t know if those are the beliefs actually held by those agents.

A large literature on the robustness of strategic predictions to the specification of agent be-

liefs provides guidance regarding whether these predictions should be trusted. These classic

robustness notions tend to be qualitative, i.e. we learn whether the prediction is or isn’t

robust to perturbations in the agents’ beliefs. Here I offer a different perspective, namely a

quantitative metric for how robust the prediction is. The metric depends on the quantity of

data that agents get to see. Predictions that hold given infinite quantities of data may not

hold given large quantities of data, and those that hold given large quantities of data may not

hold in environments where agents see only a few observations. Likewise, predictions that

don’t hold at the limit may nevertheless be plausible when agents’ beliefs are coordinated by

a small number of observations. The proposed framework provides a way of formalizing this,

generating new comparative statics for how the analyst’s confidence in a strategic prediction
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varies with primitives of the learning environment.
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Appendix

A Proofs for Section 2

A.1 Proof of Claim 2

I first demonstrate the following lemma, which explicitly characterizes the probabilities pn

and pn.

Lemma 1. For every n ě 1,

pn “ 1´ Φ

˜

´1.96´
β ´ 1

σ

c

n2 ´ 1

12

¸

while

pn “ 1´ Φ

˜

1.96´
β ´ 1

σ

c

n2 ´ 1

12

¸

Since β ą 1 by assumption, both expressions are decreasing in σ and increasing in n. Thus

Claim 2 directly follows. Towards this result, I first prove the following intermediate lemma:

Lemma 2. The strong policy is rationalizable

(a) for all types with common certainty in tβ P C u if and only if the set C Ď r1,8q

(b) for some type with common certainty in tβ P C u if and only if C X r1,8q ‰ H

Proof. For Part (a), C Ď r1,8q is a necessary condition, as otherwise there exists some

β1 P C zr1,8q, and the strong policy is not be rationalizable for the type with common

certainty in β1. That C Ď r1,8q is sufficient follows from Part (a) of the subsequent Lemma

5. For Part (b), suppose C Xr1,8q “ H. In this case, the strong policy is strictly dominated

for every type with common certainty in C , since the expected payoff to the strong policy

is strictly below ´1. On the other hand, suppose C X r1,8q ‰ H, and choose any β in

this nonempty intersection. The strong policy is rationalizable for the type with common

certainty in this value of β.

I now prove Lemma 1.
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Proof. Lemma 2 implies that pn “ PrpC pznq Ď r1,8qq while pn “ PrpC pznq X r1,8q ‰ Hq,

so it remains to determine the probability of these events. The (log-linearized) public data

is tpt, ztqu
n
t“1, where zt :“ log yt “ βt` log εt, and log εt „ N p0, σ2q. Using standard results

for ordinary least-squares (Hastie et al., 2009), the distribution of the OLS estimator β̂ is

β̂ „ N
ˆ

β,
σ2

1
n

řn
t“1pt´ tq

2

˙

where t “ 1
n

řn
t“1 t. Since

1

n

n
ÿ

t“1

pt´ tq2 “
1

n

˜

n
ÿ

t“1

t2 ´ 2t
n
ÿ

t“1

t`
n
ÿ

t“1

t
2

¸

“
pn` 1qp2n` 1q

6
´
pn` 1q2

2
`

ˆ

n` 1

2

˙2

“
pn2 ´ 1q

12

we can simplify the variance of β̂ to 12σ2

n2´1
. The 95% confidence interval for β is thus

«

β̂ ´ 1.96σ ¨

c

12

n2 ´ 1
, β̂ ` 1.96σ ¨

c

12

n2 ´ 1

ff

(6)

The probability that the interval in (6) is contained in r1,8q is

Pr

˜

β̂ ą 1` 1.96σ ¨

c

12

n2 ´ 1

¸

which is equal to

1´ Φ

˜

1.96´
β ´ 1

σ

c

n2 ´ 1

12

¸

where Φ is the standard normal cdf. By Part (a) of Lemma 2, this is equal to pn.

Likewise, the probability that the interval in (6) has nonempty intersection with r1,8q

is given by

Pr

˜

β̂ ą 1´ 1.96σ ¨

c

12

n2 ´ 1

¸

which is equal to

1´ Φ

˜

´1.96´
β ´ 1

σ

c

n2 ´ 1

12

¸

By Part (b) of Lemma 2, this is equal to pn.
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A.2 Proof of Claim 1

Since there is no noise in the data-generating process, the true classification rule f is always

consistent with the realized observations. Let π be a prior degenerate on f ; given any

realization of the data, the posterior will also be degenerate on f , with expectation Eπpv |
znq “ fpx0q “ 1. Hence, 1 P C pznq for every zn, so common certainty in v “ 1 is always

consistent with Assumption 1. But entering is not rationalizable for the Seller with this

belief, implying pn “ 0 for every n

To prove Parts (a) and (b) of the claim, which refer to the probability pn, I first show

that entering is rationalizable for some type satisfying Assumption 1 if and only if there exist

rectangular classification rules that are consistent with the data, and which make conflicting

predictions for the Seller’s good x0 (Lemma 3). I characterize the probability of this event

in Lemma 3, and the comparative statics for pn follow immediately.

Lemma 3. Fix an arbitrary data set zn “ tpxi, fpxiqqu
n
i“1. Entering is rationalizable for the

Seller with a belief satisfying Assumption 1 if and only if there exist f̃ , f̃ 1 P F where

(1) f̃pxiq “ f̃ 1pxiq “ fpxiq for each observation i “ 1, . . . , n

(2) f̃px0q “ 1 while f̃ 1px0q “ 0

Item (1) says that f̃ and f̃ 1 agree with the true f at the observed xi, and hence are consistent

with the data. Item (2) says that f̃ predicts v “ 1 while f̃ 1 predicts v “ 0.

Proof. Suppose there exists a pair f̃ , f̃ 1 satisfying (1) and (2), and define priors πf̃ , πf̃ 1 P

∆pFq that are degenerate at these classification rules. Since these rules are consistent with

the data, the posterior beliefs updated to zn are likewise degenerate at f̃ and f̃ 1, so the

posterior expectations of v “ fpx0q are Eπf̃ pv | znq “ 1 and Eπf̃ 1 pv | znq “ 0, implying

that t0, 1u Ď C pznq. Entering is rationalizable for the Seller who believes that v “ 1 with

probability 1, and who believes with probability 1 that the Buyer believes that v “ 0 with

probability 1. This belief is consistent with common certainty in C pznq.

Now suppose that no such pair f̃ , f̃ 1 exists, implying either that every f̃ P F consistent

with the data predicts fpx0q “ 0, or that every f̃ P F consistent with the data predicts

fpx0q “ 1. Then either C pznq “ t1u or C pznq “ t0u. If the former, the only type satisfying

Assumption 1 is the one with common certainty in v “ 1, and if the latter, the only type

satisfying Assumption 1 is the one with common certainty that v “ 1. Entering is not

rationalizable for the Seller with either of these beliefs.
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Lemma 4. Suppose the true function is fpxq “ 1px P Rq where R “ r´r1, r1s ˆ r´r2, r2s ˆ

. . . r´rm, rms for a sequence of constants r1, r1, . . . , rm, rm P p0, 1q. Then

pnpaiq “ 1´
m
ź

k“1

ˆ

1´

ˆ

1

2

˙n

rp2´ rkq
n
` p2´ rkq

n
´ p2´ prk ` rkqq

n
s

˙

.

Proof. From Lemma 3, the probability pn is equal to the measure of data sets zn given which

there exist rectangular classification rules f̃ , f̃ 1 that are consistent with zn, and which make

conflicting predictions at the input x0. The true classification rule f is always consistent

with the data, and predicts fpx0q “ 0, so a pair of such rules exists if we can additionally

find a rule f̃ P F consistent with the data that predicts f̃px0q “ 1.

A necessary and sufficient condition for existence of such a rule is that there is some

dimension k on which either every observation xi satisfies xki ă 0, or every xi satisfies

0 ă xkj . This allows some f̃ P F to be consistent with the data, but to predict 1 at the zero

vector.

For each dimension k, the probability that there is at least one observation xi with

xki P r´rk, 0q and at least one observation xj with xkj P p0, rks is

1´

ˆ

1

2

˙n

rp2´ rkq
n
` p2´ rkq

n
´ p2´ prk ` rkqq

n
s.

Now, observe that attribute values are independent across dimensions. So the probability

that for every dimension k, there is at least one observation xki P r´rk, 0q and at least one

observation xj with xkj P p0, rks, is

m
ź

k“1

ˆ

1´

ˆ

1

2

˙n

rp2´ rkq
n
` p2´ rkq

n
´ p2´ prk ` rkqq

n
s

˙

.

The desired probability is for the complement of this event, which yields the expression in

the lemma.

The following functional form is used in the main text:

Corollary 3. In the special case in which the true function is fpxq “ 1px P Rq where

R “ r´a, asm for some a P p0, 1q, then:

pnpaiq “ 1´

„

1´

ˆ

2

ˆ

2´ a

2

˙n

´ p1´ aqn
˙m

.
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B Proofs for Main Results (Sections 5 and 6)

B.1 Preliminary Results

This section fixes an arbitrary set C Ď Θ and action ai, and provides conditions under which

ai is strongly or weakly C -rationalizable.

B.1.1 Sufficient Condition for Strong C -Rationalizability

I first show that the property that ai can be rationalized using the same chain of best

responses on C , as defined in Definition 5, is sufficient for ai to be strongly C -rationalizable.

Lemma 5. Action ai is strongly C -rationalizable if ai can be rationalized under the same

chain of best responses on C .

Proof. Suppose action ai can be rationalized at every θ P C using the tuple pRj, pνrajsqajPRjqjPI .

Then, at each θ P C ,
ż

ujpaj, a´j, θqdνrajspa´jq ě

ż

ujpa
1
j, a´j, θqdνrajspa´jq @ a1j P Aj

Now consider an arbitrary distribution Q P ∆pΘ ˆ A´jq satisfying margΘQpC q “ 1 and

Qpa´j | θq “ νrajspa´jq for every θ P Θ and a´j P A´j. Then, the action aj is a best reply

to the belief Q, since
ż

ujpaj, a´j, θqdQpθ, a´jq “

ż ż

ujpaj, a´j, θqdQpa´j | θqdQΘpθq

“

ż ż

ujpaj, a´j, θqdνrajsdQΘpθq

ě

ż ż

ujpa
1
j, a´j, θqdνrajsdQΘpθq

“

ż

ujpa
1
j, a´j, θqdQpθ, a´jq

for every a1j P Aj, where the third line uses that QΘ :“ margΘQ assigns probability 1 to the

set C .

Now consider an arbitrary type ti P T
C
i . By definition of the set T C

i , type ti’s first-order

belief margΘ κiptiq assigns probability 1 to C . For each player j and action aj P Rj, define

πrajs P ∆pΘˆT´jˆA´jq to satisfy (1) margΘˆT´j
πrajs “ κjptjq, and (2) πrajspa´j | θ, t´jq “

νrajspa´jq for every a´j P A´j, θ P Θ, and t´j P T´j. Then Q :“ margΘˆA´j
πrajs has the

properties described above—that is, QΘpC q “ 1 and Qpa´j | θq “ νrajspa´jq for every θ and

a´j P A´j. So ai is a best reply to Q, and rationalizability of action ai player i of type ti

follows from the following proposition:
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Proposition 2 (Dekel et al. (2007)). Fix any type profile ptjqjPI. Consider any family

of sets Rj Ď Aj such that every action aj P Rj is a best reply to a distribution πrajs P

∆pΘ ˆ T´j ˆ A´jq that satisfies margΘˆT´j
πrajs “ κjptjq and πrajspa´j P R´jrt´jsq “ 1.

Then, Rj Ď S8j rtjs for every player j.

Repeating this argument for every ti P T
C
i , we have the desired conclusion that ai is strongly

C -rationalizable.

B.1.2 Characterization of Weak C -Rationalizability

The following lemma characterizes the sets C for which an action ai is weakly C -rationalizable.

Lemma 6. Action ai is weakly C -rationalizable if and only if there exists a family pRjqjPI

such that ai P Ri, and also every aj P Rj is a best reply to a belief νrajs P ∆pC ˆR´jq.

Proof. Suppose such a family pRjqjPI exists. Define a sequence of types pt̃jrajsqjPI,ajPRj where

the first-order beliefs of these types satisfy

t̃1j rajspθ, t´jq “

#

νrajspθ, a´jq if t´j “ t̃´jra´js

0 otherwise

Since for every player j and action aj, margΘ t̃
1
j rajspC q “ margΘ νrajspC q “ 1, and addi-

tionally each type t̃jrajs assigns positive probability only to other types in pt̃jrajsqjPI,ajPRj ,

it follows that t̃jrajs P T
C
j . Moreover, the action aj is a best reply to the distribution πrajs P

∆pΘˆ T´j ˆA´jq satisfying margΘˆT´j
πrajs “ κjpt̃jrajsq and margΘˆA´j

πrajs “ νrajs. So,

applying Proposition 2, ai is rationalizable for player i with type t̃ira1s.

Conversely, suppose that ai is rationalizable for player i of some type ti P T C
i . By

definition of rationalizability, there exists a family of sets Rjrtjs Ď Aj such that every

action aj P Rjrtjs is a best reply to a distribution πrajs P ∆pΘ ˆ T´j ˆ A´jq that satisfies

margΘˆT´j
π “ κptjq, and πpa´j P R´jrt´jsq “ 1. I will now show that each aj P Rj is a

best reply to some νrajs P ∆pC ˆR´jq. Since ti P T
C
i by assumption, πpt´j P T

C
´jq “ 1. For

each player j, choose an arbitrary type tj in the support of the beliefs of type ti, and define

νrajs “ margΘˆA´j
πrajs. Since the types in T C

j have common certainty in C , it follows that

νrajs P ∆pC ˆR´jq as desired.

B.2 Proof of Theorem 1

Throughout this proof, let the set of payoffs Θ be endowed with the sup-norm.
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(a) Suppose action ai is strictly rationalizable in the complete information game described

by θ8. Then, there exists a family pRjqjPI of sets from Aj where ai P Ai, and each action

aj P Rj is a strict best response to some distribution νrajs P ∆pR´jq; that is,

aj “ argmax
a1jPAj

ż

ujpa
1
j, a´j, θ

8
qdνrajs @ aj P Rj.

Since these are strict best replies, and action sets are finite, there must exist some δ ą 0 such

that these actions are δ-strict best replies; that is, for every player j and action aj P Rj,

ż

ujpaj, a´j, θ
8
qdνrajs ´ δ ą

ż

ujpa
1
j, a´j, θ

8
qdνrajs @a1j ‰ aj.

By the assumption that payoffs are Lipschitz-continuous, there is a constant K such that

ˇ

ˇ

ˇ

ˇ

ż

ujpaj, a´j, θqdνrajs ´

ż

ujpaj, a´j, θ
8
qdνrajs

ˇ

ˇ

ˇ

ˇ

ď K}θ ´ θ8}8.

So the tuple pRj, pνrajsqajPRjqjPI rationalizes ai at every θ P tθ8uδ{K , the δ{K-neighborhood

of θ8. Applying Lemma 5, the action ai is strongly C -rationalizable for every C Ď tθ8uδ{K .

Finally, by Assumption 3,

lim
nÑ8

sup
µPM

|EµpZnqpθq ´ θ8| ă δ{K P -a.s.

so the set of plausible parameters C pznq is almost surely contained in tθ8uδ{K as n Ñ 8.

It directly follows that pnpaiq Ñ 1. Since pnpaiq ď pnpaiq at every n, the desired statement

follows.

(b) Suppose action ai is not rationalizable in the complete information game with payoffs

θ8. By Assumption 3,

P n
pC pznq Ď tθ

8
u
ε
q Ñ 1 @ε ą 0

where tθ8uε to be the ε-neighborhood of θ8 (in the sup-norm). So if we can show that for

all ε sufficiently small, C Ď tθ8uε implies that ai is not weakly C -rationalizable, then it will

follow that pnpaiq Ñ 0.

Suppose towards contradiction that there exists a sequence of sets C ε Ď tθ8uε where ai

is weakly C ε-rationalizable along this sequence. Then, applying Part (b) of Lemma 5, there

must exist families pRε
jqjPI such that ai P R

ε
i , and every aj P R

ε
j is a best reply to a belief

νεrajs P ∆pC ε ˆ R´jq. Moreover, since action sets are finite, there is a finite number of

40



families of subsets of Aj. This implies existence of a family pRjqjPI and subsequence εn Ñ 0

along which each pRεn
j qjPI “ pRjqjPI .

For each player j and action aj P Rj, define BRaj : Θ Ñ ∆pA´jq to be the best reply

correspondence mapping each game θ into the set of mixed profiles to which aj is a best reply.

Recall that the best reply correspondence is upper hemi-continuous with respect to payoffs.

Moreover, along the subsequence εn, each BRajpθ
εnq is nonempty, since it includes at least

νεnrajs. Thus the set of mixed profiles to which ai is a best reply must also be nonempty

at the limit θ8. So pRjqjPI has the property that ai P Ri, and also that each aj P Rj is a

best reply to some distribution over R´j at the limiting payoffs θ8. Thus ai is rationalizable

given payoffs θ8, yielding the desired contradiction.

B.3 Proof of Theorem 2

Since ai is strictly rationalizable for player i in the game with payoffs θ8, it follows that δ8 ą

0. Following arguments similar to those used in Part (a) of the proof of Theorem 1, the action

ai can be rationalized using the same chain of best responses on the δ8{K-neighborhood of

θ8 (in the sup-norm). So, applying Part (a) of Lemma 5, if C pznq Ď tθ8uδ
8{K , then the

strategy ai is strongly C pznq-rationalizable. This allows us to construct the lower bound

pnpaiq ě Qn
ptzn : C pznq Ď tθ

8
u
δ8{K

uq

“ Qn

ˆ"

zn : sup
µPM

›

›Eµpznqrθs ´ θ˚
›

›

8
ď δ8{Ku

*˙

ě 1´
K

δ8
E
ˆ

sup
µPM

›

›EµpZnqrθs ´ θ8
›

›

8

˙

using Markov’s inequality in the final line.

C Proofs for Special Sets of Learning Rules

C.1 Proof of Claim 3

Using standard formulas for Bayesian updating, the expected value of v under learning rule

µπ,q given data zn is

1{

˜

1`
1´ π

π

ˆ

1´ q

q

˙np2zn´1q
¸

(7)

where zn “
1
n

řn
n1“1 zn is the average realization in the sequence zn.
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Suppose without loss that the parameter value is v “ 1, and let q˚ P p1{2, 1q be the true

frequency of z “ 1. By the strong Law of Large numbers, there is a measure one set of

sequences z satisfying limnÑ8p
1
n

řn
n1“1 znq “ q˚. The expression in (7) converges to 1 on this

set for every learning rule µπ,q PM. So Assumption 2 is satisfied, and the limiting game is

the one where players have common certainty that v “ 1. Since entering is not rationalizable

in this game, it follows that pp8q “ pp8q “ 0.

I will show that despite this, the probability ppnq Ñ 1 as n Ñ 8. Fix an arbitrary n,

and condition on the event tzn ą 1{2u. Then 2zn ´ 1 ą 0, implying that pp1´ qq{qqnp2zn´1q

is bounded between 1/2 and 1 on the domain q P p1{2, 1q, while the image of p1´ πq{π is all

of R`. So the display in (7) ranges from zero to 1; that is,

C pznq “

#

1{

˜

1`
1´ π

π

ˆ

1´ q

q

˙np2zn´1q
¸

: π P p0, 1q, q P p1{2, 1q

+

“ p0, 1q

and there exist values v, v P C pznq satisfying v ă p ă v. Entering is rationalizable when the

Seller believes that v “ v with probability 1, and believes with probability 1 that the Buyer

believes v “ v with probability 1.

Again by the law of large numbers, the measure of datasets with majority realizations of

z “ 1 converges to 1 as n Ñ 8; that is, P n ptzn | zn ą 1{2uq Ñ 1. Since pnpaiq is at least

P nptzn : zn ą 1{2uq, it immediately follows that limnÑ8 p
npaiq “ 1, as desired.

C.2 Proof of Corollary 1

First observe that δ8 “ β ´ 1, since the action Strict is δ-strictly rationalizable for every

δ ă β ´ 1 and not for any δ ě β ´ 1. It remains to determine E
“

supθ1PC pZnq }θ
1 ´ θ8}8

‰

.

Write Zn for the (random) empirical mean of n signal realizations. Then, using standard

formulas for updating to Gaussian signals:

E pdHpC pZnq, θ8q “ E
„

max
xPr´η,ηs

ˆ
ˇ

ˇ

ˇ

ˇ

β ´
x` nZn

n` 1

ˇ

ˇ

ˇ

ˇ

˙

42



We can further bound the RHS as follows:

E
„

max
xPr´η,ηs

ˆ
ˇ

ˇ

ˇ

ˇ

β ´
x` nZn

n` 1

ˇ

ˇ

ˇ

ˇ

˙

ď E
ˆ
ˇ

ˇ

ˇ

ˇ

β ´
nZn

n` 1

ˇ

ˇ

ˇ

ˇ

˙

` max
xPr´η,ηs

ˇ

ˇ

ˇ

ˇ

x

n` 1

ˇ

ˇ

ˇ

ˇ

“ E
ˆ
ˇ

ˇ

ˇ

ˇ

β ´
nZn

n` 1

ˇ

ˇ

ˇ

ˇ

˙

` η{pn` 1q

ď E
`ˇ

ˇβ ´ Zn

ˇ

ˇ

˘

` E
ˆ

Zn

n` 1

˙

` η{pn` 1q

“

c

2

nπ
`
β ` η

n` 1

using in the final line the expected absolute deviation of the empirical mean of n observations

from a Gaussian distribution (Geary, 1935). Finally, the map g : Θ Ñ U has Lipschitz

constant 1. Applying Theorem 2, we have the desired bound.

C.3 Proof of Corollary 2

First consider arbitrary π, π, q, q satisfying 0 ă π ă π ă 1 and 1{2 ă q ă q ă 1, and consider

the set of learning rulesM identified with pπ, qq P rπ, πsˆrq, qs. Fix a pair pπ, qq PM, and a

data sequence zn with average realization zn ą 1{2. The expected value of v under the belief

µπ,qpznq is given in (7); henceforth call this expression v̂pπ, q, znq. Entering is rationalizable

for a Seller with common certainty in C pznq if and only if there exist π, π1 P rπ, πs and

q, q1 P rq, qs satisfying

v̂pπ, q, znq ă p ă v̂pπ1, q,1 znq. (8)

Let Z˚n be the set of all sequences zn satisfying (8).

Since the state space is binary, each empirical measure Q̂pznq P ∆pt0, 1uq can be identified

with its average realization zn, which is also the probability assigned to z “ 1. The KL-

distance between Q̂pznq and the actual signal-generating distribution Q “ pq˚, 1´ q˚q is

DKLpQ̂pznq | Qq “ q˚ log

ˆ

q˚

zn

˙

` p1´ q˚q log

ˆ

1´ q˚

1´ zn

˙

and this expression is monotonically increasing in |zn ´ q˚|. Thus, we seek the value of zn

closest to q˚ for which (8) is satisfied.

Suppose zn ą 1{2. Since by assumption π ą p and q ą 1{2, it must be that v̂pπ, q, znq ą p.

It remains to determine when v̂pπ, q, znq ă p is satisfied for some other pπ, qq P M. Since
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v̂pπ, q, znq is monotonically decreasing in both π and q for sequences zn satisfying zn ą 1{2,

a sufficient condition is v̂pπ, q, znq ă p. Using (7), this inequality requires

1{

˜

1`
1´ π

π

ˆ

1´ q

q

˙np2zn´1q
¸

ă p

which can be rewritten

zn ď
1

2

ˆ

1`
1

n
logp1´qq{q

ˆ

π

1´ π
¨

1´ p

p

˙˙

:“ z˚n.

Since z˚n ¨n need not be an integer, the empirical measure pz˚n, 1´z˚nqmay not be achievable by

any empirical measure Q̂n for finite n. Thus, Q˚n is instead given by ptz˚n ¨nu{n, 1´ptz˚n ¨nu{nq,

and

DKLpQ
˚
n}Qq “ q˚ log

ˆ

q˚

tz˚n ¨ nu{n

˙

` p1´ q˚q log

ˆ

1´ q˚

1´ tz˚n ¨ nu{n

˙

Plugging in the given parameter values, and applying Proposition 4, yields the expression in

the corollary.

C.4 Proof of Proposition 1

Enumerate the learning rules in M by µ1, . . . , µK . For every k “ 1, . . . , K, define

Xn
k “ 1

`

EµpZnqpθq R Θai
˘

where where Θai is the set as defined in Definition 4. Write Gn
k for the distribution of

random variable Xn
k , and Gn for the joint distribution of random variables pXn

k q
K
k“1, noting

that pn
µk
paiq “ Gn

kp0q. By Sklar’s theorem, there exists a copula C : r0, 1sK Ñ r0, 1s such

that

Gn
px1, . . . , xKq “ C pGn

1 px1q, . . . , G
n
KpxKqq

for every px1, . . . , xKq P RK . Using the Frechet-Hoeffding bound,

1´K `

K
ÿ

k“1

Gn
kpxkq ď C pGn

1 px1q, . . . , G
n
KpxKqq ď min

kPt1,...,Ku
Gn
kpxkq.

Under Assumption 6, pnM is identical to the probability that the set of expected parameters

is contained within Θai , and hence pnMpaiq “ Gnp0, . . . , 0q. Thus:

1´K `
ÿ

µPM
pn
µ
paiq ď pnMpaiq ď min

µPM
pn
µ
paiq.

as desired.
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Online Appendix

D Additional Material Improving Theorem 1

Part (a) of Theorem 1 provides a sufficient condition for the confidence set rpnpaiq, p
npaiqs

to converge to certainty—ai is strictly rationalizable at θ8—and Part (b) of Theorem 1

provides a necessary condition—ai is rationalizable at θ8. The condition that ai is strictly

rationalizable is not necessary, as I demonstrate in Section D.2, and the condition that ai

is rationalizable is not sufficient, as I demonstrate in Section D.3.2. The purpose of this

appendix is to explain the nature of this gap. While a complete characterization is beyond

the pursuit of this paper,26 in Section D.4, I provide a weaker necessary condition—weak

strict-rationalizability—that makes the gap smaller.

D.1 Overview

The main takeaways from this section are summarized in Figure 5. Suppose ai is strictly

rationalizable at θ8; then, the analyst’s confidence interval for ai must converge to certainty.

A simple necessary condition for this convergence to occur is that ai is rationalizable at θ8,

and a stronger necessary condition is that ai is weakly-strict rationalizable, as defined in

Section D.4. Again, this property is not sufficient. Examples are given to explain each of

the gaps.

lim
n!1

[pn(ai), p
n(ai)] = {1}

Example D.2

Example D.3

ai is strictly
rationalizable

at ✓1

ai is weakly-strict
rationalizable at ✓1

ai is rationalizable at ✓1

Figure 5: The shaded region depicts limiting parameters θ8 for which the analyst’s confidence

set necessarily converges to certainty.

26See Chen and Takahashi (2017) for concurrent work that makes progress towards this goal.
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D.2 Strict Rationalizability is Not Necessary

Consider the following complete information game

a3 a4

a1 θ, 0 θ, 0

a2 0, 0 0, 0

and suppose that the limiting value of the parameter is θ8 “ 1. Then, the action a1 is strictly

dominant in the limiting game, and also in all games with nearby parameter values. It is

straightforward to show that the action a1 is rationalizable given common certainty of a small

enough neighborhood around θ8, and so Assumption 3 implies limnÑ8rp
npaiq, p

npaiqs “ t1u.

But action a1 is not strictly rationalizable in the original game.27

D.3 Rationalizability is not Sufficient

I show next that rationalizability of ai at θ8 is not sufficient for the analyst’s confidence set

for ai to converge to certainty. Section D.3.1 provides a simple example to this effect: if ai

is on the boundary of Θai , then common certainty of shrinking neighborhoods around θ8

does not guarantee rationalizability of ai. More surprisingly, common certainty in arbitrarily

small open sets within the interior of Θai also does not guarantee rationalizability of ai, and

I provide an example of this in Section D.3.2.

D.3.1 θ8 is on the Boundary of Θai

Consider the following two-player game, parametrized by θ P R:

a b

a θ, θ 0, 0

b 0, 0 1, 1

Suppose that the limiting parameter θ8 “ 0, so that a is rationalizable in the limiting

game, but not strictly rationalizable. It is straightforward to see that common certainty of

shrinking neighborhoods of θ8 does not guarantee rationalizability of θ, as the type with

common certainty of any θ1 ă 0 considers a to be strictly dominated.

27It is not possible to construct a family of sets pR1, R2q Ď A1 ˆ A2 with the property that each action

aj P Rj is a strict best reply to a distribution over R´j .
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D.3.2 θ8 is in the Interior of Θai

But even if θ8 is not on the boundary of the set Θai , it may be that common certainty

of a shrinking neighborhood of θ8 does not guarantee rationalizability of ai. Consider the

following four-player game. Players 1 and 2 choose between actions in ta, bu, and player 3

chooses between matrices from tl, ru. Their payoffs are:

a b

a 1, 1, 0 0, 0, 0

b 0, 0, 0 0, 0, 0

a b

a 0, 0, 0 0, 0, 0

b 0, 0, 0 1, 1, 0

(9)

plq prq

A fourth player predicts whether players 1 and 2 chose matching actions or mis-matching

actions. He receives a payoff of 1 if he predicts correctly (and 0 otherwise).28 Player 4’s

action does not affect the payoffs of the other three players.

Let the state space Θ “ R64 be the set of all payoff matrices given these actions, where

the payoffs described above are a particular θ. Match is clearly rationalizable for player 4 at

θ; it is also rationalizable for player 4 on a neighborhood of θ (in the Euclidean metric).29

Nevertheless, I will show existence of a sequence of types for player 4 with common cer-

tainty in increasingly small neighborhoods of θ, given which Match fails to be rationalizable.

Along this sequence, player 4 believes that a is uniquely rationalizable for player 1, while b

is uniquely rationalizable for player 2, so the action Match is strictly dominated.

Define θ1
ε to be the following perturbation of the payoff matrix θ (with player 4’s payoffs

unchanged):

a b

a 1, 1, 0 0, 0, 0

b 0, 0, 0 ´ε, 0, 0

a b

a 0, 0,´ε 0, 0,´ε

b 0, 0,´ε 1, 1,´ε

(10)

plq prq

Let θ2
ε correspond to the following payoff matrix (again with player 4’s payoffs unchanged):

a b

a 1, 1,´ε 0, 0,´ε

b 0, 0,´ε 0, 0,´ε

a b

a ´ε, 0, 0 0, 0, 0

b 0, 0, 0 1, 1, 0

(11)

28In more detail: player 4 chooses between tMatch, Mismatchu. His payoff from Match is 1 if players 1

and 2 choose the same action (both a or both b) and 0 otherwise; his payoff from Mismatch is 1 if players 1

and 2 chose different actions (a and b or flipped), and 0 otherwise.
29Suppose neither l nor r are strictly dominated for player 1; then, all actions are rationalizable for player

1-3, so Match is rationalizable for player 4. If either l or r is strictly dominated for player 1, then one

of the following will be a rationalizable family: tlu ˆ tau ˆ tau ˆ tMatchu, tlu ˆ ta, bu ˆ ta, bu ˆ tMatchu,

tru ˆ tbu ˆ tbu ˆ tMatchu, or tru ˆ ta, bu ˆ ta, bu ˆ tMatchu. Thus, Match is rationalizable for player 4.
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plq prq

Let ε ą 0. If player 1 has common certainty in the state θ1
ε , then a is his uniquely ratio-

nalizable action: l strictly dominates r for player 3, given which a strictly dominates b for

player 1. By a similar argument, if player 2 has common certainty in the state θ2
ε , then b is

his uniquely rationalizable action. These statements hold for ε arbitrarily small. Construct

a sequence of types ptεn4 q for player 4, where each type tεn4 has common certainty that player

1 has common certainty in the state θ1
εn and player 2 has common certainty in the state θ2

εn .

Then, player 4 of type tεn4 has common certainty in an ε-neighborhood of θ, but only one

rationalizable action: Mismatch. Take εn Ñ 0 (with each εn ą 0) and the desired conclusion

obtain: rationalizability of Match holds at limnÑ8 εn but fails to hold arbitrarily far out

along the sequence εn.

D.4 Weaker Necessary Condition for Strong C -Rationalizability

As described in Section 3, strict rationalizability can be defined as the limit of a process of

iterative elimination of actions that are never a strict best reply. This procedure is known to

be sensitive to the manner of elimination. Consider specifically all the orders of elimination

in which at most one action is eliminated at a time. Formally, define W 1
i :“ Ai for every

player i. Then, for each k ě 2, recursively remove (at most) one action in W k
i that is not a

strict best reply to any opponent strategy α´i P ∆
`

W k´1
´i

˘

. Let

W8
i “

č

kě1

W k
i

be the set of player i actions that survive every round of elimination, and define W8
i to be

the intersection of all sets W8
i that can be constructed in this way.

Definition 6. Say that an action ai is weakly strict-rationalizable if ai PW8
i .

In the game introduced in Section D.2, there are two patterns of one-at-a-time elimina-

tion. One possibility is

a3 a4

a1 1, 0 1, 0

a2 0, 0 0, 0

ÝÑ

a3 a4

a1 1, 0

a2

in which action a2 is eliminated for player 1 and action a4 is eliminated for player 2, so that

actions a1 and a3 remain. Another possibility is

a3 a4

a1 1, 0 1, 0

a2 0, 0 0, 0

ÝÑ

a3 a4

a1 1, 0

a2
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in which action a2 is eliminated for player 1 and action a3 is eliminated for player 2, so

that actions a1 and a4 remain. The action a1 survives both procedures; hence, it is weakly

strict-rationalizable.

I show next that weak strict-rationalizability at the limiting game θ8 is a necessary

condition for the confidence set to converge to certainty:

Proposition 3. limnÑ8rp
npaiq, p

npaiqs “ t1u only if ai is weakly-strict rationalizable in the

limiting game θ8.

This proposition follows from the following lemma, which may be of independent interest.

The lemma says that weak-strict rationalizability characterizes the interior of Θai ; that is,

action ai is weakly-strict rationalizable in every game θ in the interior of Θai , and if θ is in

the interior of Θai , then ai must be weakly-strict rationalizable in the game θ.

Lemma 7. θ P Int pΘaiq if and only if ai is weakly strict-rationalizable in the complete

information game indexed to θ.

Proof. If: Suppose the game θ is not in the interior of Θai . There must then exist a sequence

θn Ñ θ (converging in the sup-norm), where for large n, the game θn is also not in the interior

of Θai . Thus in each late game θn, there is an order of elimination of strictly dominated

strategies that removes ai. Moreover, since action sets are finite, there is a finite number of

possible such orders of elimination. This implies existence of a subsequence along which the

same order of iterated elimination of strategies removes ai. At the limiting payoffs θ, action

ai must fail to survive elimination of weakly dominated strategies along this order, and is

therefore not weakly strict-rationalizable.

Only if: Suppose ai is not weakly strict-rationalizable. Then, there exists a sequence

of sets
`

W k
j

˘

kě1
for every player j satisfying the recursive description, such that ai R W

K
i

for some K ă 8. To show that θ is not in the interior of Θai , I construct a sequence of

payoff functions θn with θn Ñ θ such that ai is not rationalizable in any late game along this

sequence.

For every n ě 1, recursively define θn according to the following procedure. First, for

every player j, let θn,0 “ θ. Then, for every l ě 1, define θn,l such that

ujpaj, a´j, θ
n,l
q “

#

ujpaj, a´j, θ
n,l´1q ` ε{n @ aj P W

l
j , a´j P A´j

ujpaj, a´j, θ
n,l´1q @ aj R W

l
j , a´j P A´j

That is, we iteratively increase the payoffs of the surviving strategies at each round of

elimination (according to pW k
j qkě1) by ε{n. Finally, let θn “ θn,K .

I claim that ai is not rationalizable in any complete information game θn, when n is

sufficiently large. In game θn, let Sk,nj be the set of player j actions that survive k rounds
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of iterated elimination of strictly dominated strategies. I will show that in games θn where

n is sufficiently large, the sets Sk,nj “ W k
j for all k and every player j.

Proceed by induction. Trivially, S0,n
j “ W 0

j “ Aj for every j and n. Suppose Sk,nj “ W k
j

for every player j and round k ď L when n is sufficiently large. Now consider any action

aj P S
L,n
j . Suppose aj is a strict best response to some strategy α´j P ∆pWL

j q; then clearly,

aj P W
L`1
j . The claim below implies that also aj P S

L`1,n
j for n sufficiently large.

Claim 5. Suppose aj is a strict best response to some strategy α´j P ∆pA´jq and define

γ “
1

2
|ujpaj, α´j, θq ´ max

a1j‰aj
ujpa

1
j, α´j, θq| ą 0

Set N ą εK
γ

. Then, action aj is a strict best reply to α´j in every game θn when n ą N .

Proof. Define a˚j “ argmaxa1j‰aj upa
1
j, α´j, θ

nq. Then,

ujpaj, α´j, θ
n
q´ujpa

˚
j , α´j, θ

n
q

“ ujpaj, α´j, θ
n
q ´ ujpaj, α´j, θq

` ujpaj, α´j, θq ´ ujpa
˚
j , α´j, θq

` ujpa
˚
j , α´j, θq ´ ujpa

˚
j , α´j, θ

n
q

ě ´pεKq{n` 2γ ´ pεKq{n

ě 2γ ´ p2εKq{N ą 0

using in the penultimate inequality that n ą N , and in the final inequality that N ą εK
γ

.

Thus we have WL`1
j “ SL`1,n

j for large n in this case.

Suppose that aj is only a weak best response to some strategy α´j P ∆pWL
j q. In this

case, there are two possibilities: (1) If aj P W
L`1
j , then by construction of θn, action aj

is rendered a strict best response to α´j under θn; thus, aj P S
L`1,n
j for all n sufficiently

large. (2) Otherwise, if aj R W
L`1
j , then there exists some alternative action a1j satisfying

ujpa
1
j, α´j, θq “ ujpaj, α´j, θq and also a1j P W

L`1
j . By construction of payoffs θn, the action a1j

yields a strictly higher payoff than aj against α´j in all games θn. Repeating this argument

for any α´j P ∆pWL
j q to which aj is a weak best reply, we have that aj R S

L`1,n
j for n

sufficiently large (using Claim 5). Finally, if aj is not a weak best response to any strategy

α´j P ∆pWL
j q, then both aj R W

L`1
j and also aj R S

L`1,n
j for n sufficiently large.

Therefore Sk,nj “ W k
j for every k and n sufficiently large. Since aj R W

K
j , also aj R S

8,n
j

for n sufficiently large, as desired. Finally, by construction θn Ñ θ, so θ R Int pΘaiq, as

desired.

50


	Introduction
	Example
	Approach
	Preliminaries
	Restriction on Beliefs
	Analyst's Confidence Set

	Second Example: Coordination
	Asymptotic Results
	Fragile Predictions
	Asymptotic Continuity

	(Small) Finite Samples
	Quantitative Bounds for Confidence Sets
	Comparative Statics in the Set of Learning Rules

	Extensions
	Conclusion
	Proofs for Section 2
	Proof of Claim 2
	Proof of Claim 1

	Proofs for Main Results (Sections 5 and 6)
	Preliminary Results
	Sufficient Condition for Strong C-Rationalizability
	Characterization of Weak C-Rationalizability

	Proof of Theorem 1
	Proof of Theorem 2

	Proofs for Special Sets of Learning Rules
	Proof of Claim 3
	Proof of Corollary 1
	Proof of Corollary 2
	Proof of Proposition 1

	Additional Material Improving Theorem 1
	Overview
	Strict Rationalizability is Not Necessary
	Rationalizability is not Sufficient
	 is on the Boundary of ai
	 is in the Interior of ai

	Weaker Necessary Condition for Strong C-Rationalizability


