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Introduction

Suppose a model does a good job of fitting available data.

Is it because the model is precisely tailored to capture the
regularities in the behavior of interest?

Or because the model is so flexible it could fit any data?

To distinguish between these two explanations, need to know how
restrictive the model is.

Our objective: a quantitative measure that can be practically
computed across a variety of applications.
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Motivating Example



Cumulative Prospect Theory

Popular four-parameter version of CPT values binary lottery
(z , p; z , 1− p) as:

w(p)v(z) + (1− w(p))v(z)

where

v(z) =

{
zα if z > 0

−(−zβ) if z ≤ 0
w(p) =

ηpγ

ηpγ + (1− p)γ



Motivating Example

Evaluate this model on a data set of certainty equivalents
from Bruhin et al (2001)

179 certainty equivalents for each of 50 binary lotteries

Estimate CPT parameters on training data (some subset of
the data) and test out-of-sample (remaining data).

Evaluate error of predicting y given outcome y ′ using
−(y − y ′)2.

Out-of-sample error is minimized by predicting the average
certainty equivalent for each lottery.

Can’t beat this. Lower bound on error.



CPT Predicts Very Well

Error

Expected Value 103.81

CPT 67.38

Lowest Possible Error 65.58

CPT almost minimizes error in this prediction task

↪→ CPT well describes the structure in perception of risk

or

↪→ CPT is flexible enough to mimic most functions from binary
lotteries to certainty equivalents.
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Plan for Talk

1 Approach: Generate random, hypothetical data sets, and
evaluate how well the model predicts that data.

2 Application 1: Cumulative Prospect Theory (predicting
certainty equivalents for lotteries )

3 Application 2: Poisson Cognitive Hierarchy Model (predicting
initial play in matrix games)
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Approach



Setting

X ∈ X is an observable feature vector, assume X is finite

in example: x = (z , z , p)

Y is an outcome taking values in finite-dimensional space Y
in example, y is a reported certainty equivalent by a subject

True joint distribution (X ,Y ) ∼ P∗.

Marginal distribution P∗X is known (e.g. analyst chooses which
lotteries the subjects see.)

Conditional distribution is not.
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Prediction Problem

Objective is to predict a statistic of the conditional
distribution s(P∗Y |X (x)) ∈ S

Leading special cases:

(a) predict conditional expectation: EP∗
Y |X

[Y | X = x ]

e.g. predict average certainty equivalent for a given lottery

(b) predict conditional distribution itself: P∗Y |X (x)

e.g. predict distribution of certainty equivalents

Any f : X → S is a (predictive) mapping.

Call f ∗(x) = s(P∗Y |X (x)) the true mapping.
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Economic Model

Let FΘ = {fθ}θ∈Θ be a parametric economic model.

Model predicts the true data well if some mapping in FΘ

approximates the predictions of the true mapping f ∗

but easy to achieve if FΘ contains most mappings

Model is unrestrictive if it can approximate any hypothetical
mapping f

Approach to measuring restrictiveness:
1 Generate hypothetical “true” mappings f at random
2 See how well the model can approximate these random f .
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Measuring Restrictiveness

Step 1: Take the “true mapping” to be random, drawn from a
distribution µ over a set FM of permissible mappings

Two primitives:

Set FM of permissible mappings:

encodes prior knowledge about the setting
e.g. when predicting certainty equivalents for lotteries, people
prefer more money to less

Distribution µ on FM:

interpreted as the analyst’s prior over the space of mappings
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Measuring Restrictiveness

Step 2: Evaluate how well the model FΘ can approximate these
hypothetical true mappings f .

Let d(f , f ′) measure “how different” predictions are under f and f ′

prediction of average outcome:

d(f , f ′) = EPX
[(f (X )− f ′(X ))2]

prediction of conditional distribution:

d(f , f ′) = EPX
[DKL(f ′(X ) ‖ f (X ))︸ ︷︷ ︸

KL-divergence

]

See paper for why these choices.
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Measuring Restrictiveness

For any mapping f , let d(FΘ, f ) = minf ′∈FΘ
d(f ′, f )

Normalize this relative to a naive mapping fnaive ∈ FΘ suited
to the problem (e.g. predict expected value of the lottery)

↪→ unitless measure which is less sensitive to rescaling.

Definition

The f -discrepancy of model FΘ is

δf =
d(FΘ, f )

d(fnaive, f )

δf = 0 if f ∈ FΘ

δf = 1 if the model cannot approximate f any better than the
naive mapping does



Definition of Restrictiveness

Definition

The restrictiveness of FΘ is its average f -discrepancy, where f is
drawn from µ:

r := Eµ [δf ] .

r ranges from zero to 1

Larger r corresponds to a more restrictive model.

If FΘ includes all permissible mappings, then r = 0 for all µ



Fit to Real Data

Definition

The model’s fit to real data is 1− δf ∗ , i.e. the complement of its
f ∗-discrepancy.

1− δf ∗ ranges from zero to 1

Larger values implies a model that predicts real data better.

see paper for precise sense in which this is true

Ideal model has large 1− δf ∗ (good fit to real data) and large
r (poor fit to hypothetical data)



Related Literature

Koopmans & Reiersol (1950) introduce (binary) notion of
“observationally restrictive,” here we ask how restrictive

Representation theorems (e.g. in decision theory) characterize
empirical content of models

don’t have such theorems for most models, and especially not
for functional forms used in applied work
few theorems for the approximate predictions of a model

Selten (1991) proposes an “area” measure for how many
predictions are exactly consistent with the model

Our measures relate to but differ from large literature on how
to avoid overfitting (AIC, BIC, etc):

penalty on complexity of model is typically a function of the
data size, shrinks as data grows large
we assume an intrinsic preference for parsimonious models



Application 1:

Predicting Certainty Equivalents



Problem

Prediction problem: given a binary lottery, predict the average
certainty equivalent (across subjects).

50 binary lotteries from Bruhin et. al (2001), each described
as a tuple (z , z , p)

Naive mapping fnaive takes lotteries into their expected values.

To evaluate restrictiveness, generate hypothetical mappings f
from these 50 lotteries into average certainty equivalents



Generating Mappings

z z p f(z , z , p)

−50 −150 0.05
−20 −50 0.05
20 0 0.25
40 10 0.95
...

...
...

150 50 0.05
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z z p f(z , z , p)

−50 −150 0.05 −122.40
−20 −50 0.05 −29.61
20 0 0.25 15.96
40 10 0.95 18.58
...

...
...

...
150 50 0.05 83.71



Generating Mappings

z z p f(z , z , p)

−50 −150 0.05 −133.78
−20 −50 0.05 −26.17
20 0 0.25 17.04
40 10 0.95 39.45
...

...
...

...
150 50 0.05 73.99



Measuring Restrictiveness

Permissible set FM includes all mappings that satisfy:

1 z ≤ f (z , z , p) ≤ z

certainty equivalent is within the range of the possible payoffs

2 if z ≥ z ′, z ≥ z ′, and p ≥ p′ then f (z , z , p) ≥ f (z ′, z ′, p′)

3 if z ≥ z , p ≥ p′, then f (z , z , p) ≥ f (z , z , p′)

respects first-order stochastic dominance

Draw mappings from a uniform distribution on FM.
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Distribution of Normalized Discrepancies

Distribution of δf for 100 random mappings f .

Restrictiveness (i.e. the average δf ) is 0.31

Compare to δf ∗ = 0.07 where f ∗ is the true mapping

better fit of real data than hypothetical data, but not by a lot



CPT is Very Flexible

CPT approximates most f respecting FOSD reasonably well.

−→ Suggests that model does not encode substantial structure
about perception of risk beyond FOSD (for binary lotteries)

Even if we drop the FOSD restrictions, keeping only the range
restriction, restrictiveness of CPT is still only 0.37

This flexibility is not revealed by a simple count of the number
of free parameters.



CPT is Very Flexible

CPT approximates most f respecting FOSD reasonably well.

−→ Suggests that model does not encode substantial structure
about perception of risk beyond FOSD (for binary lotteries)

Even if we drop the FOSD restrictions, keeping only the range
restriction, restrictiveness of CPT is still only 0.37

This flexibility is not revealed by a simple count of the number
of free parameters.



CPT is Very Flexible

CPT approximates most f respecting FOSD reasonably well.

−→ Suggests that model does not encode substantial structure
about perception of risk beyond FOSD (for binary lotteries)

Even if we drop the FOSD restrictions, keeping only the range
restriction, restrictiveness of CPT is still only 0.37

This flexibility is not revealed by a simple count of the number
of free parameters.



Value of Parameters

Can improve restrictiveness by removing parameters. Next
compare alternative specifications of CPT

η = 1, as in Kahneman and Tversky (1992)

α = β = 1: risk-neutral agent whose utility function over
money is u(z) = z but exhibits nonlinear probability weighting

η = γ = 1: Expected Utility decision-maker with gain-loss
utility function

All else equal, we prefer parameters that improve fit to real
data without substantially decreasing restrictiveness



Comparison of Models

Free Parameters 1− δf ∗ r
(fit to real data) (restrictiveness)

α, β, γ, η 0.93 0.31
(0.01) (0.02)

α, β, γ 0.76 0.43
(0.04) (0.01)

γ, η 0.89 0.55
(0.02) (0.01)

α, β 0.13 0.71
(0.06) (0.02)

See paper for estimators for 1− δf ∗ and r , and their
asymptotic distributions (which delivers these standard errors).



Comparison of Models
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Fit to Real Data

Nonlinear probability weighting parameters η, γ are important.



Application 2:

Predicting Initial Play



Example 2: Predicting Initial Play

Problem: given a 3× 3 normal form game, predict distribution
over row player actions

Data from Fudenberg and Liang (2019): 466 games with
40-147 row player responses per game.

Each game is a vector in R18 and the feature space X consists
of these 466 vectors.

Predictive mapping: Any function f : X 7→ ∆({a1, a2, a3})

Naive mapping predicts uniform distribution in each game.



Models

Poisson Cognitive Hierarchy Model (Camerer et al, 2004)

level 0 plays (1/3, 1/3, 1/3), levels k ≥ 1 best respond to
(truncated) Poisson distribution over lower levels

single free parameter: Poisson rate parameter τ

Logit PCHM:

same as PCHM but with logistic best replies, two free
parameters λ and τ .

Logit Level-1:

each action ai played with frequency exp(λ·u(ai ))∑3
i=1 exp(λ·u(ai ))

single free parameter λ



Set of Permissible Mappings

Define the permissible set FM to include all mappings satisfying:

1 If an action is strictly dominated, then the frequency with
which it is chosen does not exceed 1/3.

2 If an action is strictly dominant, then the frequency with
which it is chosen is at least 1/3.

Generate mappings from a uniform distribution on FM.
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Distribution of f -Discrepancies

Distribution of δf over 100 generated mappings f :

logit level-1 PCHM logit PCHM

Restrictivenesses are:

Logit level-1: 0.930
PCHM: 0.915
Logit PCHM: 0.822



Comparison of Models

Model 1− δf ∗ N r M
(fit to real data) (restrictiveness)

PCHM 0.436 21,393 0.915 100
(0.017) (0.003)

logit level-1 0.727 21,393 0.930 100
(0.015) (0.005)

logit PCHM 0.729 21,393 0.822 100
(0.014) (0.003)



Comparison of Models of Initial Play
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Comparison with CPT

PCHM’s fit to real data is worse than CPT’s

compare 1− δf ∗ = 0.44 for PCHM to 1− δf ∗ = 0.93 for CPT

But PCHM is much more restrictive (0.92 vs 0.31)

So while PCHM does not capture all the regularities, it more
successfully rules out behaviors that we do not observe.



Comparison with CPT
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Summary of What We’ve Learned

Predicting certainty equivalents:

Although CPT predicts real data very well, it achieves this in
part due to flexibility (restrictiveness = 0.31)

Nonlinear probability weighting parameters are relatively more
useful than the gain/loss parameters

Predicting initial play:

Poisson Cognitive Hierarchy model only moderately predictive
of real data, but very restrictive

A simpler model (logit level-1) predicts real data better, and is
also more restrictive than PCHM



Conclusion

When a theory fits the data well, it matters whether this is
because

the theory captures important regularities in the data
the theory is so flexible that it can explain any behavior at all

We provide a practical, algorithmic approach for evaluating
the restrictiveness of a theory

Application of the approach reveals new insights into models
from two economic domains

Method not special to these domains, can be used to evaluate
restrictiveness for other models.



Thank You



Three-Outcome Lotteries

Use a set of 18 three-outcome lotteries from Bernheim and
Sprenger (2020)

Restrictiveness of CPT on this set of three-outcome lotteries
is 0.57, with a standard error of 0.02 (compare to 0.31 over
binary lotteries)

Figure: Left: Binary lotteries; Right: Three-outcome lotteries

back



Sensitivity to µ

For any two measures µ, µ′ ∈ ∆(F),

Eµ [δf ]︸ ︷︷ ︸
restrictiveness wrt µ

− Eµ′ [δf ]︸ ︷︷ ︸
restrictiveness wrt µ′

≤ 2 · dTV (µ, µ′)

where dTV is the total variation distance.

So if two measures are close in total variation distance,
corresponding restrictiveness measures must also be close.



Parameter Estimates

Real Data Generated Mappings

CPT(α, β, η, γ) (1.03,0.98,0.53,0.5) (1.05,0.98,1.24,0.40)

CPT(α, β, γ) (0.98,1.01,0.50) (1.06,0.95,0.38)

CPT(η, γ) (0.70,0.50) (1.12,0.24)

CPT(α, β) (0.98,0.99) (1.02,0.95)

Real Data Generated Mappings

PCHM τ = 0.5 τ = 0.1

logit level-1 λ = 0.02 λ = 0.0018

logit PCHM (τ, λ) = (1.4, 0.11) (τ, λ) = (1.05, 0.02)


